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ANALYTIC EQUIVALENCE OF ALGEBROID CURVES 


ANDREW H. WALLACE 


1. Introduction. Let k be an algebraically closed field and let x;, xs, .. . , %. 
be indeterminates. Denote by R, the ring &[[x., x2, ... , x,]} of power series 
in the x, with coefficients in the field k. Let & and WM’ be two ideals in this ring. 
Then &% and W’ will be said to be analytically equivalent if there is an auto- 
morphism 7 of R, such that 7(H%) = MW’. MA and W’ will be called analytically 
equivalent under 7. 

The above situation can be described geometrically as follows. The ideals 
W and YW’ can be regarded as defining algebroid varieties V and V’ in 
(x1, X2, ..., X,)-space, and these varieties will be said to be analytically 
equivalent under 7. 

The automorphism 7 can be expressed by means of equations of the form: 


T(x.) = D> auyey + felx) 


where the determinant |a,,| is not zero and the {,; are power series of order not 
less than two (that is to say, containing terms of degree two or more only). 
If the f, are all of order greater than or equal to r, the analytic equivalence 
T will be said to be of order r. Throughout this paper the only analytic equiva- 
lences which will be considered will be those in which the coefficients a,, in 
the above equations satisfy the conditions a,, = 1, a,, = 0 for i # 7. This 
will not, in fact, impose any essential restriction, for in the main theorem to 
be proved the analytic equivalence which appears happens in any case to be 
of this form. 

The problem to be studied here can be formulated as follows. Suppose that 
F(x) = 0,1 = 1,2,...,r and F/(x) = 0,1 = 1,2,...,7 are sets of equa- 
tions for the varieties V and V’ respectively, that is to say that F, and the 
F/ are sets of generators of the ideals A and W’ respectively. Then if V and 
V’ are analytically equivalent under an analytic equivalence of sufficiently 
high order, it is clear that the F,’ can be chosen as power series differing from 
the corresponding F, only by terms of high order. The question is, to what 
extent is the converse of this statement true? 

A partial answer to this is given by a theorem of Samuel (4) for the case 
in which r = 1 and the origin is an isolated singular point of the variety V. 
Under these conditions Samuel's theorem states that, if the order of F; — F;’ 
is high enough, then the hypersurfaces V and V’ are analytically equivalent. 
The restrictions on the singularities of V here are very strong, and are imposed 
by the method of proof. On the other hand it is clear that if V and V’ are to be 
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analytically equivalent some restrictions on the relations between their 
singular points must be imposed. However it seems to be rather difficult to 
see exactly what these conditions should be for varieties of arbitrary dimen- 
sion; and so a general answer to the question formulated above seems im- 
possible until some new methods are found. 

In view of the difficulties mentioned | am restricting myself here to the 
attempt to answer the above question in the case of curves. The form which 
the answer takes in this case makes it sufficient to consider curves V and V’ 
defined by the sets of equations F; = 0 and F,' = 0, respectively, i running 
in each case from | to m — 1. The question to be answered then becomes the 
following. V and V’ being as just described, will they be analytically equivalent 
if the orders of the F,; — F;’ are high enough? Samuel's theorem gives the 
answer yes when » = 2 and V is irreducible. It is clear however that in general 
the answer will not be affirmative without some further restriction. For if V 
has a multiple component, geometrically speaking a component singular on 
one of the F; = 0 or along which two of them touch, it is intuitively obvious 
that modification of the equations of V, even by terms of high order, may cause 
such a component to split, thus making analytic equivalence impossible. But 
it seems reasonable to hope that components of V along which the F; inter- 
sect simply and transversally will be carried by an analytic equivalence into 
similar components of V’ if the orders of the F; — F;’ are high enough. This 
is the main result to be proved in this paper. The components of V just des- 
cribed correspond to the isolated prime components of the ideal &. The corres- 
ponding algebraic formulation of the result indicated will appear below as 
Theorem 2. 

Since it is not impossible that the problem treated here may sometime receive 
an answer in the case of varieties of dimension greater than 1, some of the 
auxiliary results are treated with greater generality than is actually needed 
for the present paper, in the hope that they may be useful for a more general 
treatment. 

The proof of the main theorem will be carried out by induction on the 
dimension of the ambient space, the step from m — 1 to m being made by 
means of a suitable projection. Changing the notation, denote the ideals 
and &’ by (F) and (F’), with generators F,; and F,’ respectively,i = 1,2,..., 
r. The first step is to show that the F; and F;’ can be taken as polynomials 
in x,. Having done this let H; be the resultant, with respect to x,, of F; and 
F, and let (H) be the ideal generated in R,_1 = R[[x1, x2, . . . , X,—-1]] by the 
H,. Define (H’) similarly by means of the F,’. It will then be shown that, if 
the co-ordinates have been suitably chosen, and after a suitable adjustment 
of the F;, the isolated prime components of (F) project into isolated prime 
components of (#). Here the projection of an ideal in RX, means its intersection 
with R,_1. When r = n — 1, the induction hypothesis will then imply that the 
intersection (G) of the isolated primes of (H) can be carried by an analytic 
equivalence in R,_,; into the intersection (G’) of certain components of (H’), 





n 








wee 8 





ANALYTIC EQUIVALENCE OF ALGEBROID CURVES 3 


provided that the orders of the F; — F,’, and so (as will be shown) of the 
H, — H,, are sufficiently high. The next step is to prove that, again if the 
orders of the F,; — F; are high enough, this analytic equivalence can be 
extended to one in &, carrying (G, F,) into (G’, F,’). Now the isolated primes 
of (F) will be components of (G, F,) and so will be carried by the extended 
analytic equivalence into components of (G’, F,’). It remains to be shown 
that these will in fact be components of (F’) if the orders of the F, — F/ 
are high enough. The proof of this will be based on the fact that, in terms of 
a suitable topology, an analytic equivalence affects the components of (/) 
continuously, and that the only components of (G’, F,’) which are then 
sufficiently near to those of (F) are already components of (F’). 


2. Preliminary adjustments. One of the main objects of this section is 
to show that the series F; can be assumed to be polynomials in x,. This is 
justified by means of the Weierstrass Preparation Theorem, which can be stated 
as follows: 


Let F be an element of R,, and let it be of order m, and suppose a linear change 
of co-ordinates has, if necessary, been made so that F contains the term x," with 
a non-zero coefficient. Then there is a power series P in R,, of order 0 (that is to 
say a unit of R,) such that PF is a polynomial x," + aix,"—' + ... + Gm in 
X, with coefficients in R,_,. Also, since PF is of order m, a, is of order not less 
than 1. 


The classical case of this theorem applies, of course, to the case where k 
is the field of complex numbers, but the proof can be given entirely in terms 
of formal power series over any field (1, p. 183 ff.). If this formal algebraic 
proof is examined, it will be observed that the terms of various degrees of the 
series P are determined step by step, and that the terms up to any given 
degree depend only on the terms of F up to a certain degree. It follows that a 
complement to the above theorem can be stated, namely: 


If F is as above and F"' is a second series such that F — F’ is of sufficiently 
high order, then the series P and P’ of order zero can be found such that PF = 
Xn" + ax," ' +...+ a, and P'F’ = x," + a;'x,""'+...+ 4, where the 


orders of the a, — a; are greater than a preassigned integer. 


Now let (F) be the ideal generated as in the introduction by F;, F2,..., F;. 
Co-ordinates are to be chosen, if necessary after a linear change of variables, 
so that the following conditions hold: 

(1) The Weierstrass Preparation Theorem can be applied to all the F;, 
which can therefore be assumed to be replaced by polynomials, without 
changing the ideal (F). 

(2) If p is an isolated (m — r)-dimensional prime component of (F) then 
none of the series 0F,/dx, (i = 1,2,...,7), is in p. 
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(3) No two (m — r)-dimensional components of (F) have the same projec- 
tion in R,1. This is equivalent to the geometrical statement that no two 
(m — r)-dimensional components of the algebroid variety V have the same 
projection on x, = 0. 

It will now be checked that the co-ordinates can be chosen so that these 
conditions are satisfied. For these verifications it should be assumed that k 
has an infinite number of elements, or, if not, that the linear changes of 
variables made have generic coefficients, that is to say, independent indeter- 
minates over k. 

To make condition (1) hold it is sufficient to change the variables so that 
each F, contains among its terms of lowest degree a power of x, with a non- 
zero coefficient. 

To show that condition (2) can be made to hold, let 0 be the quotient ring 
of R, with respect to p, that is to say, the neighbourhood ring of the algebroid 
variety whose ideal is p. Then 0 is a regular local ring of dimension r (2, p. 33) 
with maximal ideal op. This ideal is generated by the r elements F,, which 
therefore form a system of parameters. It follows (2, p. 34) that the Jacobian 
matrix (0F;,/dx,) is of rank r mod p. In particular, for any given i, all the 
OF ,/ax, cannot be zero. Making the change of variables x, = }-a,,£,, it 
follows that OF ;,/dZ%, = }(AOF;/Ax,a_, is not zero for suitably chosen ap,. 
Thus for suitably chosen a,;, 0F,/dZ, # 0 mod p for each i. Assume the a,, 
chosen in this way, make the appropriate co-ordinate change, and drop the 
bars over the new co-ordinates. 

The verification of condition (3) is equivalent to proving a special case of 
the following theorem: Jf a number of varieties are given in n-space, then co- 
ordinates can be chosen so that no two of them have the same projections on x, = 0. 
To indicate the method of proof it will be sufficient to consider the case of 
two distinct varieties V; and V; in m-space. Let &, and &, be the corresponding 
ideals in R,. Let WM,’ be the ideal in k[[y:, y2,..., ¥a})] obtained from WY, by 
substituting the y, for the corresponding x, Then the ideal (%, W.’) in 
R[[x1, X2, . . . » Xn» Vi» Yo, -- +» Yn] defines the product variety V; X V2 in 
2n-space. Let Ax, A2,...,An be independent indeterminates and write 
o: = (X_ — Yn)/An — (X%1 — ¥d/Ai for « = 1,2,...,m —1. Then the ideal 
(Wi, Ws’, 1, . . . , @n—1) defines a subvariety of V; X V2 whose points are pairs 
(p1, P2) with p, € V;, such that p; and py, project on the same point of x, = 0 
along the “direction” (Ax, Ao, ..., Ax). Calculating the Jacobian matrix of a 
set of generators of (%, Wo’, 1, . . . , @x-1) and using Proposition 2, (2, p. 34), 
it follows easily that the dimension of each component of this subvariety is 
less than the common dimension of V; and Vz (it is, of course, sufficient to 
consider the case where the dimensions of V; and V, are the same). A suitable 
change of co-ordinates then gives the required result. 

The three conditions above have been considered separately, but it is easy 
to see that they can be made to hold simultaneously. 

The co-ordinates having been chosen as above, it is now necessary to make 
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certain adjustments to the generators of the ideal (F). Let the u,,, (¢,7 = 1 
2,...,97), be independent indeterminates and write 


Tr 


Fe= >> uyF;, i= 1,2,...,r—1, 


j=l 
F, = F, 


and let & be the algebraic closure of k(u), the field obtained from k by adjoining 
the u,,. Let H, be the resultant of F, and Ff, with respect to x,, and let (H) 
denote the ideal in &[[x1, x2,..., %,-1]] generated by the H,(i = 1,2,..., 
r—1). 

A component of (#) will be said to be independent of (x) if it has generators 
in R[{[x1, x2, ..., X,]]. For example, it is not hard to see that a component of 
the ideal in &[[x1, x2,..., xa]] generated by the F,, and so by the Fy, will 
project into a component of (H) independent of (u). What is important for 
the present purpose is essentially the converse of this result. Namely: 


Lema 1. If p is a prime component of (H) independent of (u), then, for any 1, 
a common root of the equations F, = 0 and F, = 0, both regarded as polynomial 
equations in x, with the coefficients reduced mod ), is necessarily a common root 
of all the PF, = 0 with coefficients reduced mod p. 


Proof. For it can be assumed that the u,, are independent indeterminates 
over the field of fractions of [[x:, x2, ... , X,—1]]/p. Any root of #, = F, = 0 
reduced mod » is algebraic over this field, and so, if it is a root of F, = 0, 
reduced mod p, it must be a root of all the equations F, = 0, reduced mod p, 
and this is equivalent to the result stated above. 

At this stage the notation will be changed. F, will simply be written as F,, 
and & as k. But it is to be understood that, in the new notation, k contains a 
subfield and r(r — 1) indeterminates u,,, so that the phrase “‘independent of 
(u)”’ retains its meaning. 


3. Projection of an isolated prime of (F). Assume that the co-ordinates 
have been chosen as indicated in §2, so that in particular the F; are polynomials 
in x, with highest coefficient unity and the other coefficients in R,_:. 


Lemma 2. Let p be an isolated prime component of (F) and let» = Ryil\» 
be its projection. Then » is an isolated prime component of (H). 


Proof. » is obviously a prime ideal in R,-; containing (H); the essential 
point is to show that it occurs as an isolated component in a primary de- 
composition of (#). 

Let 0 be the quotient ring of R, with respect to p, and 9 that of R,_, with 
respect to p. Let K be the residue class field 0/op. This field can clearly be 
identified with a subfield of the residue class field 0/op. Also if £1, f,..., & 
are the residue classes mod p of x, x2, .. . , X,, 0/op is the field of fractions of 
the power series ring &[[t:,..., &]], while a similar statement holds for K, 
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the element &, being omitted. On the other hand £, is algebraic over K, since 
it satisfies each of the equations F; = 0, reduced mod p. And since the co- 
efficients of the powers of x, in each of the F, are all of positive order, it 
follows that in the minimal equation of £, over K all the coefficients, except 


the highest which is 1, will be power series in &,..., &—; of positive order. 
It follows that in any power series in &[[é,,..., |], a power of & greater 


than the degree of £, over K can be replaced by lower powers without lowering 
the degree of the term in which it occurs. Each such power series can there- 
fore be written as a polynomial in £, over K. That is to say, the field 0/op can 
be written as K (é,). 

0 and o are both neighbourhood rings of irreducible algebroid varieties, 
and so are regular local rings (2, p. 33). Their completions 9* and o* are there- 
fore also regular, and so (3, p. 88) are isomorphic to power series rings in the 
appropriate number of indeterminates over their respective residue class fields, 
namely K and K(é,). For the present purpose it will be convenient to identify 
K and K(é,) with subfields of 9* and o*, respectively, writing, in particular, 
o* = K[[y1, yo,.-., Ye-r]]. In this notation the maximal ideal o*p of 5* is 
that generated by the y,. 

Now it has already been noted that &, is a root of each of the equations 
F, = 0, regarded as a polynomial equation in x, with the coefficients reduced 
mod yp. But F;, written as a polynomial in x,, has coefficients in R,~;, which 
is a subring of o* = K[[y:, yo, ..-, Ya—r]]. Thus F;, is a polynomial in x, with 
coefficients which are power series in the y, over K such that, when the y, are 





set equal to zero (this is equivalent to reducing mod p) the resulting poly- 
nomial has &, as a root. Also 0F;,/dx, # 0 for x, = £, and all the y, set equal 
to zero; for otherwise 0F,/dx, would be equal to zero mod p, contrary to the 
condition (2) made to hold in §2. It follows at once by the implicit function 
theorem for polynomial equations with power series coefficients that there is 
a power series ¢, in the y, with coefficients in K(£,) and with constant term 
& such that F,(x1, x2, ... , Xe—1, $1) = O. 

The polynomials F; in x, have coefficients in K|[yi, y2,..., Yn—rl] = Allyl]. 
Let an algebraic extension of the field of fractions of this ring be made so that 
the F, factorize completely into linear factors. Write 


(1) F,= [] (x. — $49) 


where, in particular ¢;; = ¢; for each 7. Then by the theory of the resultant 
of a pair of polynomials (5) 


(2) H, = [] (¢a— 45) (i = 1,2,...,7—1). 


Now the prime ideal » is independent of (u) (cf. §2) and (H) C ». And so, 
by Lemma 1, the only common zeros of F, and F, for any i, these equations 
being reduced mod D, must be common to all the F, mod yp. But, since it has 
been arranged that only one component » of (F) projects on p it follows at 
once that the only common zero of F; and F, reduced mod p, for any i, is 
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,. And since &, is a simple root of each F, reduced mod p (by condition (2) 
of §2) the only factor of H, which is congruent to zero modulo the appropriate 


extension of D is @; — @,. Thus (2) can be rewritten as 
H, non (d; i o,)K,, 


where K, is not zero modulo a suitable extension of p. 

Now H, is rational in the coefficients of F; and F, and so is in K{[y]]. On 
the other hand the ¢, are power series in the y, with coefficients in K(é,), and 
so the same is true of the K,. Writing for brevity K’ = K(é,), this means that 
the K, are in the ring K’[{[y]] = K’[[y1, yo, ys, ..., ¥a-r]] and are not zero 
modulo the maximal ideal K’{[y]]p of this ring. That is to say the K, are units 


of K’|[y]], and so 
(3) K’|[y]](A) = K'[Ly]] (oi — or, 2 — oO, ---, br-1 — or). 


Going back to equation (1), multiply out the factors on the right for which 
j # 1, and arrange the result as a power series in the y, with coefficients in 
K"|x,]. In particular write A ,(x,) for the term independent of the y,. Thus 
(1) becomes: 
(4) Fy = (xX, — @)(Ad(a,) +... 


where the dots represent terms containing the y,. 

It has already been observed that &, is a simple root of each of the F; re- 
duced mod », and so A,(&,) ¥ 0 for each i. Now o* C o*, and K’ is the residue 
class field of o*, and is identified with a subfield of this ring; finally x, © o*. 
It follows that both factors on the right of (4) are in o*. On the other hand, 
all the y, are in y and so in o*p, and x, — & € o*p, whence the second factor 
on the right of (4) is congruent to A ,(é,) mod o*p. Thus the second factor on 
the right of (4) is not zero mod o*p, and so is a unit of o*. It follows at once 
that 
(5) o*(F) = o*(x, — 1, Xn — O2,---,! X, — o,) 

= 0*(¢1 — or, 2 — Or, .-- 5 Xn — Or). 

Now compare equations (3) and (5). Since p is an isolated prime component 

of (F), o*(F) = o*p, and so, by (5) 

o*p = 0*(d, — ,, 2 — Or, .-- 5 Xn — Or). 
A straightforward verification shows that the intersection of the ideal on the 
right of the last equation with K’[[y]] is obtained simply by dropping the last 
generator. And so, applying equation (3), it follows that 
(6) o*p \ K'[[y]] = K’[ly]] (2D). 

An element of K’|[y]] is a power series in the y, and is congruent mod o*p 
to its constant term, an element of K’, namely the residue class field of the 
local ring o*. It follows at once that o*p ©) K’[[y]] C K’[ly]]p .The reverse 
inclusion relation is obvious. Hence (6) is equivalent to 


7) K'{{[y]]}(7) = K’ [Ly] ]p. 
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The next step is to form the intersection of each side of the last equation 
with K[[y]]. Noting that K’ is a finite algebraic extension of K, and writing 
the elements of K’ in terms of a linear basis (including the element 1) over K 
it follows at once from (7) that K[[y]](H) = K[[y]lp. Since K[[y]] = o* 
this implies that p is an isolated prime component of (H) as required. 


4. Equations over a field with a valuation. Let K be a field complete 
with respect to a valuation v, the value group being written additively. Thus 
v(ab) = v(a) + v(b) and v(a + 5) > min(v(a), v(b)), where a and 6b are any 
elements of K. Extend v to the algebraic closure K of K; this can be done in 
a unique manner (5). The extended valuation will still be denoted by v. 

For each a in the value group of v let N, be the set of elements of K with 
values greater than a. Then the collection of sets of the type V. can be taken 
as the basis of the neighbourhoods of 0 defining on K the structure of a topo- 
logical group under addition. With this topology K is actually a topological 
field; that is to say, the operation of multiplication is also continuous. 


Lemma 3. Let F(z) and F'(z) be two polynomials in z of the same degree, both 
with highest coefficient 1 and with all other coefficients in K having non-negative 
values under v. Let V be a preassigned neighbourhood of 0 in K. Then if the 
coefficients of F’ are sufficiently near those of F, in the sense of the topology just 
defined, each root of F’ will differ from some root of F by an element of V. 


Proof. According to the definition of extended valuations (cf. van der 
Waerden (5) the conditions on the coefficients of F’ imply that o(t,’) > 0 
for each root ¢,' of F’. Let c be the smallest of the values under » of the 
differences of corresponding coefficients of F and F’. Then, for each root of F’, 
the definition of a valuation along with the condition v(f,’) > 0 implies that 
o(F(¢,’) — F’(¢,)) 2 c. That is to say v(F(¢,’)) > c. But if 1, f2,...,f, are 
the roots of F, 


Fg’) = (bd — i) Ed — fa)... i — bn) 
and so the last inequality implies that, for some j, o({, — £;) > c/m. If the 


preassigned neighbourhood V of 0 is assumed to be the set of elements of K 
for which v(a) > c/m, the last inequality establishes the lemma. 


5. Lifting theorem for analytic equivalence. Let (F) and (F’) be ideals in 
k{[x1, x2,...,X,]] with sets of generators F;, F:,...,F, and F;’, Fy’,..., 
F,’, respectively. The object here is to show that, under certain conditions, 
if the orders of the F, — F;’ are high enough there exists an analytic equiva- 
lence between the isolated prime components of (F) and certain components 
of (F’). Clearly the final result is not going to be affected if the various adjust- 
ments described in §2 are made in advance. In particular the F, can be assumed 
to have been replaced by polynomials in x,. The complementary remark to 
the Weierstrass Preparation Theorem in §2 implies that the F,’ can also be 
replaced by polynomials in x,, and that F;’ will be of the same degree as F,, 
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the differences of corresponding coefficients being of high order if the order 
of F,’ — F, is high enough. It will also be assumed that the F, and F;’ have 
been replaced in advance by generic linear combinations involving indeter- 
minates u,, as in §2, so tha. the results of §3 can be applied; but as at the end 
of §2, the presence of the u,, will not be indicated in the notation. 

Let Hi, He, ..., H,-1 be the set of resultants of F, with Fy, F2,..., Frys, 
respectively, with respect to x,, and let H,’, H,’,...,H,-:.’ be calculated in 
the same way from the F;,’. Since the resultant of two polynomials is rational 
in the coefficients in the polynomials, it follows that the orders of the 
H;, — H, will be arbitrarily high if those of the F,’ — F, are high enough. 

Assume that the following condition, to be referred to later as condition A, 
holds; it will be shown later that this is certainly so for the case in which 
the variety defined by (F) is a curve: 


A. Given an integer m, there exists an integer m’ such that, if the orders of 
the F, — F;,' > m’, then there is an analytic equivalence S in R,_; carrying 
the isolated prime components of (H) into components of (H’), and also an 
extension of this to an analytic equivalence 7 in R, carrying (G, F,) into 
(G’, F,’), where (G) is the intersection of the isolated primes of (H) and (G’) 
is its image under S, and S and 7 are both of order > m. 


THEOREM 1. If the integers m and m’ of condition A are big enough, then 
the analytic equivalence T carries the isolated prime components of (F) into 
components of (F’). 


Proof. Let the generators of (G) be denoted by G,, i = 1, 2,...,¢, those of 
(G’) by G,, i = 1,2,...,¢. In the following proof (x) will stand for the set 
(x4, X2, ..., Xs), and S~'(x) for the set of series S~'(x,) obtained by applying 


the inverse S-' of S to the x,. S~'(£) will denote the result of replacing the 
x, in S~'(x) by their residue classes mod p, where p is a given isolated prime 
component of (F). Condition A states that T carries (G, F,) into (G’, F,’), 
and, of course, 7—' effects the reverse transformation. Hence there are elements 
A, and B of R, such that 


TF,'(x,%,) = >> AGi(x) + BF,(x, xq), 
or, what is the same thing, 
(8) F,'(S"(x), T"(xn)) = DO AGdx) + BF,(x, xn). 


By Lemma 2, p = R,-: (9 is an isolated prime component of (H) and so of 
(G); from which it follows that G,(é) = 0 for each i. Substituting the £, for 
the x,,71 = 1,2,...,m ~ 1, in (8), and writing (’) = S-'(&): 


F,'(€’, T-"(xq)) = BE, xn) Fr(E, Xn). 


Since, however, &, is a root of F,(t,x,) = 0, the last equation implies that 
ft,’ = T-'(&,) is a root of F,’(¢’, x,) = 0. The main task of this proof is to 
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show that, under the conditions of the theorem, &,’ is a root of each of the 
equations F,'(’, x,) = 0. This will be done now by applying Lemma 3. 

As in §3 take K as the residue class field of the local ring 9. A valuation is 
to be introduced on K in such a way that the £,,i = 1,2 n — 


Te | 


1, all have 
values greater than zero. This can be done as follows. Making, if necessary, 
a suitable linear change of variables (it will be assumed that this has already 
been done in advance along with the other adjustments in §2) it can be 
arranged that no element of R[[x,, x2, . . . , X,—,]] vanishes when reduced mod 
p, while for each i from 1 to r — 1, £)—,4; is integral over R[[&, &, ..., En—r4a—a]]. 
In addition, the coefficients of the minimal equation of £,_,,; over the ring 
Ri (£1, &2, . . . , En—r4s—1]], except the first which is 1, are all power series of positive 
order in the &,. The assertions just made follow from repeated applications of 
the Weierstrass Preparation Theorem. Define the valuation v on the field 
of fractions of R[[£, &,..., t,_,]] by setting v(a), for a power series a in the 
£,, equal to the order of a. This valuation v can then be extended in the usual 
way, step by step, to K, and the nature of the coefficients of the minimal 
equations of the £, ensures that v(£,) > 0 for all 7. The field of fractions of 
k{(E1, 2, .. . , a-r]] is complete with respect to v, and so, since K is obtained 
by a finite algebraic extension, K is complete with respect to the extended 
valuation (5). As in §4 let K be the algebraic closure of K and let v be extended 
to K. 

The equations F,(é,x,) = 0 and F,'(¢’, x,) = 0 are now to be compared. 
Note that, since (¢’) = S-'(&), K is the field of fractions of R[[&’, £2’, ... , En—1']] 
and so the equations to be examined both have their coefficients in K. If the 
order of F;,(x,x,) — F;'(x, x,) and that of the analytic equivalence S are high 
enough it is clear that F;,(é,x,) and F,'(£’, x,) will be of the same degree in x, 
and that the differences of corresponding coefficients will have arbitarily high 
values under v. In particular the highest coefficients will both be 1, and all 
the other coefficients will have non-negative values. Conditions are therefore 
suitable for the application of Lemma 3. 

By Lemma 3, if the integers m and m’ of condition A are large enough, 


each root of F,’(é’,x,) = 0 is arbitrarily near some root of F;(§, x,) = 0. 
Choose the neighbourhood V of Lemma 3 so that, among the set of all the 
roots of F;,(é,x,) = 0 and F,(,x,) = 0, the common root &, being counted just 
once, no two differ by an element of V + V. Then if m and m’ are big enough, 
each root of F,'(£’,x,) = 0 is in a V-neighbourhood of some root of F;(£,x,) = 0; 
a similar statement holds for F,’ (£’, x,) = 0 in relation to F,(£, x,) = 0. It follows 
that no root of F;,’(é’, x,) = 0 can coincide with a root of F,’(é’, x,) = 0 except 


possibly roots of these equations lying in a V-neighbourhood of £,. 

But, by hypothesis, S carries p into some component of (H’). And so, since 
(¢’) = S-'(&), (&) is a zero of (H’). In particular the resultant of F,’ and 
F,’ with respect to x, vanishes when (x) is replaced by (¢’), whence the equa- 


tions F(t’, x,) = 0 and F,’(é’, x,) = 0 must have at least one common root. 
It has just been shown that this common root must be in a V-neighbourhood 
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of &; if it is proved that F,’(¢’, x,) = 0 has only one root near £, when the 
coefficients of F,’(t’, x,) are near those of F,(£,x,) then this root must be 
t,’, which, being equal to 7—'(&,), is certainly near £, if m’ is large. The fact 
that £,’ is a root of F,’(&’, x,) = 0 would then be established as required. 

To check this last point note that if, on the contrary, arbitrary neighbour- 
hoods of £, contain two roots of F,’(t’, x,) = 0 for large values of m and m'’, 
then in the limit as m, m’ tend to infinity, it would turn out that &, would be 
a double root of F,(é, x,) = 0. This is not so, and thus the proof that &,’ is a 
root of each F,’(t’, x,) = 0 is completed. 

The result just obtained implies that (é,’, &’,...,&’) is a zero of the 
ideal (F’), and so of some prime component yp’ of (F’). Now if @ € yp’, 
o(t’,&,’) = o(S-'(E), T—'(E,)) = 0; hence 7—'¢ € p and so 7~'p’ Cp. A similar 
argument shows that 7p C p’. Hence p’ = 7). That is to say, it has been shown 
that T carries p into a component of (F’). Since this holds for any isolated 


, 


prime component of (F) the proof of the theorem is completed. 


6. Algebroid curves. Attention will now be restricted to the case 
r = n — 1, the components of (F) = (Fi, Fs,..., Fy-1) being all one-dimen- 
sional, and the result indicated in the introduction will be proved. As pointed 
out there, the proof will be by induction on n, the case n = 2 being established 
by means of the following theorem of Samuel (stated here only in the case of 
two variables): 


LemMMA 4. If F and F’ are power series in x and y over a field k and if F — F’ 
is in the ideal (x, y)(0F/0x, OF/dy)*, then there is an analytic equivalence of 
ki |x, y]] carrying F into F’. 


Proof. See Samuel! (4). 


Now if F has no multiple factors, /, dF/dx and 0F/dy have an isolated 
common zero at the origin, and so a power of the ideal (x, y) is in 
(0F/dx, AF/dy) mod F. It follows easily (4) that: 


LemMA 5. If F — F’ is of sufficiently high order and F is free of multiple 
factors then the principal ideals (F) and (F’) are analytically equivalent. 


In the case where F does possibly have double factors, let G be the product 
of the simple factors of F. Thus G is a product of simple factors. In order that 
Lemma 5 can be applied to this situation, it must be shown that F’ has a 
factor G’ differing from G by terms of high degree, provided that the order of 
F — F’ is high enough. This will be done by means of the following modi- 


fication of Hensel’s Lemma. 


LemMMA 6. Let F, G, H be polynomials in y with coefficients which are power 
series in x over a field k, and let F = GH. Also suppose that G and H have no 
common factor. Then if F’ is a polynomial in y of the same degree as F, also with 
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power series in x as coefficients, and if the differences of corresponding coefficients 
are of sufficiently high order, in particular the coefficients of the highest powers 
of y in F, F’, G, and H all being 1, F’ will have a factorisation G'H' where G' 
and H’ are polynomials in y of the same degrees as G and H respectively, and 
such that G — G’ and H — H’, written as series in x, are of arbitrarily high 
order. The highest coefficients of G’ and H’ will be 1. 


Proof. lf the orders of the differences of corresponding coefficients of F and 
F’ are all greater than r, it will be convenient to use the notation F = F’ 
(x"). This notation will be used throughout this proof. 

By hypothesis, the highest common factor of G and H, regarded as poly- 
nomials in y over the field of fractions of the power series ring k[[x]], is 1. 
Remembering that an element of this field of fractions can be written as a 
series of positive powers of x divided by a power of x, it follows at once that 
there is an integer 4, and polynomials A and B in y with coefficients in k[[x]] 
such that the degrees of A and B in y are less than those of H and G, res- 
pectively, and 
(9) AG + BH = x". 


Now let s be any integer greater than 2h, and suppose that F= F’(x"‘). 
The lemma will be proved if it can be shown that, for each g > s, there are 
polynomials G, and H, in y with coefficients in k[{x]], the highest coefficients 
being in each case 1, of the same degrees in y as G and H respectively, and 
satisfying the conditions 


F’ = G,Hi, (x*) | 
(10) G, = G(x*”) 
H, = H(x’™) 


For then G’ and H’ can be taken as the limits of G, and H, as q tends to @. 
This result will be proved by induction on q; it is clearly true for g = s, taking 
G, = Gand H, = H. Suppose that G, and H, have already been found satisfy- 
ing (10). It will now be shown that, setting G,., = G, + ux* and H,,,; = 
H, + vx*", u and v can be determined as polynomials in y over &[{{x]] of 
degrees less than those of G and H respectively in such a way that conditions 
(10) hold with g replaced by g + 1. 

By the first of the conditions (10) F’ = G,H, + wx‘, where w is a poly- 
nomial in y over k{[x]], the degree in y being less than that of F. And so 


(11) F — Gees = x*"(wr" — 0G, — uH,) — uvx***. 


Multiply (9) by w, obtaining AwG + BwH = wx". Here the right-hand side 
is of degree in y less than that of F, and so the standard adjustment, using 
the long division algorithm, can be made to Aw and Bw, replacing them by 
polynomials A’ and B’ in y over k{{x]] of degrees less than those of H and G 
respectively. Thus 


A'G + BH = wx". 















ANALYTIC EQUIVALENCE OF ALGEBROID CURVES 


Applying the second and third conditions of (10) 
(12) A'G, + B'H, = wx*(x*”). 


Now in the definitions of G,,, and H,,,; take u« = A’ and v = B’, and (11) 
along with (12) gives at once the result F’ — Go4:H,4, = 0 (x**'). The other 
two conditions corresponding to (10) with g replaced by g + 1 are clearly 
satisfied and so the induction is completed, and with it the proof of this 
lemma. 

The above lemmas can now be combined to give the following result: 


LemMA 7. Let F and F’ be power series in x and y over k. Then if the order 
of F — F' is sufficiently high there is an analytic equivalence in k{|x, y]] which 
carries the isolated prime components of the ideal (F) into components of (F’). 


Proof. 1t may be assumed that co-ordinates have been changed so that F 
and F’ can be replaced by polynomials in y over &[[x]] of the same degree in 
y and having highest coefficient 1. Then the isolated prime components of 
(F) are the components of (G) where G is the product of the simple factors 
of F. By Lemma 6 there is a factor G’ of F’ such that the order of G — G’ is 
high if that of F — F’ is high enough. Applying Lemma 5 to G and G’, the 
result follows at once. 


The main result of this paper can now be stated: 


THEOREM 2. Let an algebroid curve in n-space be defined by the ideal 
(F) = (Fi, Fa, ..., Fas) im R[[x1, x0, ..., X_]]. Then if the orders of the series 
F, — Fi are high enough, there is an analytic equivalence of arbitrarily high 
order carrying the isolated prime components of (F) into components of the 
ideal (F’). 


Proof. As usual the preliminary adjustments to the co-ordinates and to the 
generators of (F) described in §2 will be assumed to have been carried out in 
advance, so that the results of §§3, 5 can be applied here. The proof of the 
present theorem will be carried out by induction on n, the case n = 2 having 
been already established in Lemma 7. Clearly the proof will be completed if 
it is shown that, on the basis of the induction hypothesis that the present 
theorem holds for algebroid curves in (m — 1)-space, condition A of §5 must 
hold; for then Theorem 1 can be applied to give the transition from ” — 1 to 
n. But the holding of condition A under this induction hypothesis was proved 
as Lemma 6.1 in (6). Admittedly I was dealing in that paper with algebroid 
curves defined over the real field, but the proof of the quoted lemma was en- 
tirely algebraic in character, and so applies equally well to the present situa- 
tion. The inductive proof of Theorem 2 is thus completed. 


7. Projection of analytically equivalent curves. It has already been 
shown that if C and C’ are analytically equivalent curves in (m — 1)-space 
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then they lift into analytically equivalent curves in a hypersurface in n-space, 
provided that the given analytic equivalence is of sufficiently high order cf 
(6, Lemma 6.1). A sort of converse to this will now be obtained, namely, 
that algebroid curves of m-space which are analytically equivalent to a suffi- 
ciently high order will project into analytically equivalent curves of (m — 1)- 
space. This result is non-trivial since a curve and its projection need not be 
analytically equivalent; for example the space curve x = t*®, y = #, z = t® is 
not analytically equivalent to any plane curve. And it is certainly not obvious 
that a given analytic equivalence can be modified in such a way that series 
not involving x, are carried into series not involving x,. 


THEOREM 3. Let C and C’ be algebroid curves in n-space analytically equivalent 
under T, and, possibly after a sufficiently general change of co-ordinates, let 
C and C’ be their projections into (x, x2,...,Xp,—1)-space. Then if T is of 
sufficiently high order, C and C’ will be analytically equivalent to an arbitrarily 
high order. 


Proof. Let A be the ideal of C, YX’ that of C’. Of course, by the definition of 
algebroid varieties (see (2)) C is actually defined by some ideal in R,; W is to 
be the radical of that ideal. Thus Y is an intersection of primes, say );, p» 


pn. A similar remark holds for YW’. Write p,) = T(p,, i = 1,2,...,m. 
The first step of the proof is to find an ideal (F) in RX, having exactly  — 1 
generators and having pi, Po,..., Dm, as isolated prime components. Let 0, 


be the quotient ring of R, with respect to the prime ideal p,. Then 0, is the 
neighbourhood ring of a variety and so is a regular local ring (2, p. 33). The 
maximal ideal of 0; is 0,p;. For each 7, 7 with i # j choose ¢,‘ in p,; but not in 
p,; this is possible since no two of the p; contain one another. Then make the 


definition 
>; = I] ¢; 


ix j 
the product being taken over 7. It is clear that @, is in each p, for i ¥ j, but 
is not in p,, since none of its factors is. Next define y, by 


jt 

the summation being over 7. ¥; is in p;, since each of its summands is, but 
v; = o, (p,), and soy; ¢ p,, for i # 7. Setting ¥,""' = ¥, choose co-ordinates 
so that the p, have distinct projections in R,_:, and, proceeding as above, 
find an element y¥"~* of p, (\ R,-1 which is not in any p, 0) R,-; for i # j. 
In this way, step by step, a set of elements ¥/, ¥,*,... , ¥"~' of p, is obtained 
with the property that they are not in any p, for 7 # i. In addition, if &), 
f,..., &, denote the residue classes of x;, x2, ... , X, mod )p,, it is known that, 
possibly after a suitable linear change of co-ordinates £2, ,... , £ are separ- 
ably algebraic over the field of fractions of &{[,]] (2, p. 32). It follows that, 
possibly after discarding superfluous factors, one can assume that 


(13) OW7/dxy41 F Olp,). 
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Finally define 


F,= I] Vi. 


Then the ideal (/) generated by the F, has the above asserted property, 
namely that the p,; are all isolated prime components. For, extending to 0,, 
0,(F) = 0,(¥,', ¥7,...,"'), all the other factors of the F, being units of 
o,. The condition (13) implies that the ¥,’ form a regular system of para- 
meters in 0, (2, p. 34) and so 0,(F) = 0,;; that is to say, p, is an isolated 
prime component of (F) as was to be shown. 

Let the given analytic equivalence T carry F; into F,, and write (F’) for 
the ideal generated by the F,’ in R,. 

If necessary making a further linear change of co-ordinates, apply the 
Weierstrass Preparation Theorem to the Ff; and the F,’. The ideals (F) and 
(F’) can thus be generated by Gi, Go,...,G,-1 and G;’, Go’,..., G,_1' res- 
pectively, where the G, and G,’ are all polynomials in x,. Also if the order of 
T is high enough, the orders of the corresponding coefficient differences of 
G, and G;’ for each i can be made arbitrarily high. The top coefficients of the 
G, and G;{ are of course all equal to 1. It will in addition be assumed that the 
procedure of §2 has been applied to the G, and G’, introducing indeterminates 
u;;, Whose presence, however, is not indicated by the notation. 

Let H, be the resultant with respect to x, of G,; and G,_,, and let (J7) denote 
the ideal generated in RX, by the H,; the H,’ and (JI’) are to be similarly de- 
fined from the G,’. Since the resultants of polynomials are rational in the 
coefficients, it follows that the order of H, — H,’, for each 7, can be made 
arbitrarily high if the order of T is high enough. 

From the last remark it follows by means of Theorem 2 that if the order of 
T is high enough there will be an analytic equivalence S in R,_; of arbitrarily 
high order carrying the isolated prime components of (/7) into components of 
(H’). In particular, for each 7, D, = p,/\ R,_, is an isolated prime component 
of (H), provided the co-ordinates are suitably chosen (Lemma 2). Thus S(p,) 
is a component p,’ of (H’). It is required to prove now that yp = by OV\R,-1. 
If this is known for each i, then it will be known that S carries C into C’ as 
was to be proved. 

Write £, for the residue class of x, mod p,, and denote (&, &,..., &)—1) 
by (). Thus (£) is a zero of p,. In the notation employed in the proof of 
Theorem 1, it follows that S-'(£) is a zero of p,’. But p,’ isa component of 
(H'), and so, for some value of j which is to be fixed in the meantime (any 
value of course will do) S~'(é) is a zero of H,,’. It follows that G,’(S~'(&), x,) 
and G,_;'(S~'(£), x,), polynomials in x,, have a common zero. Call this 
zero £,,’. 

The polynomials G,'(S~'(&), x,) and G,(&,x,) are now to be compared. 
Assume as in the proof of Theorem | a valuation has been introduced on the 
field of fractions of R[[é, 2, ..., &,—1]] and extended to its algebraic closure. 
If the order of 7, and so that of S, is sufficiently high the values of the differ- 
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ences of the corresponding coefficients of G,'(S-'(&), x,) and G,(£, x,) will be 
arbitrarily large. Lemma 3 then shows that, if the order of 7, and so of S, 
is large enough, the root £,’ of G,/(S~'(&), x,) will lie in a V-neighbourhood of 
some root of G,(é, x,), where V is preassigned. Similarly, replacing j by » — 1, 
§,’ will lie in a V-neighbourhood of some root of G,_:(é, x,). If V is taken so 
that no two of the roots of G,(t, x,) and G,_:(¢, x,) differ by an element of 
V + V, this implies that £,’ is in a V-neighbourhood of a common root of 
these polynomials. In view of Lemma 1 the only common root of G,(é, x,) 
and G,_:(¢,x,) is common to all the G,(é,x,), 4 = 1,2,...,” — 1, and, 
since condition (3) of §2 is supposed to be satisfied here by the G,, the only 
such common root is £,. Thus if the order of T is sufficiently high &,’ is 
arbitrarily near £,. It follows that &,’ is the unique common root of all the 
Gn, (S-'(€), Xn), A = 1,2,...,m — 1, unique since otherwise a limiting pro- 
cedure would lead to a double root of G,_:(, x,), which is ruled out by con- 
dition (2) of §2. Thus (S-'(é), &,’) is a zero of a uniquely defined prime com- 
ponent p,” of (F’) = (G’). The proof of the theorem will be completed by 
showing that p,’’ = p/’. 

The proof that p,” = p,’ will involve an additional technical device which 
will now be described. Let p be any prime ideal of R, of dimension one. Then, 
as has already been remarked, the fraction field of R,/p is an algebraic ex- 
tension of a field of power series in one variable. Thus it is a field with a 
discrete valuation and clearly contains a congruent representative of the 
residue class field corresponding to this valuation, namely & itself. Thus, 
by a known theorem of valuation theory, the field of fractions of R,/p can be 
identified with a subfield of the field of fractions of k[[t]]. This could also be 
expressed by saying that the algebroid curve defined by p can be parametrized 
by means of power series in ¢. 

Now if parametrizations are introduced as above on a number of algebroid 
curves, the same parameter symbol ¢ can be used for all of them. This gives 
a means of comparing different curves. An immediate question which arises 
is: What is the relation between different parametrizations of the same curve? 
The answer is that they may be obtained from one another by means of an 
invertible power series substitution, replacing ¢ by a power series in ¢ having 
zero constant term but non-zero linear term. This is easily seen by noting 
that in a parametrization, the parameter can be identified with any element 
of minimum value. 

Let p; and pz be two ideals of R, and let x/(¢) and x,7(¢), i running in each 
case from 1 to m, be parametrizations of the corresponding curves. Define 


5(p1, P2) = sup[min order of [x/(t) — x(¢)]] 


the supremum being taken over all possible parametrizations of the two 
curves, and the minimum over 1; the order of an element is to be its order as 
a series in ¢. 


In the first place note that 5(p;, p2) is finite for p: * p2. To prove this, it 
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is sufficient in the above definition to assume that the parametrization of 
the first curve is kept fixed; this can always be arranged by means of a 
simultaneous change of parameter without changing the order of any of the 
x(t) — x(t). But then, if the orders of the x/(t) — x,7(t) were unbounded, 
the parametrization of the second curve being varied, it would follow by 
a limiting process that the two curves would have a common parametrization, 
contrary to the fact that p; ¥ Pe. 

Returning now to the proof that p,/’ = p,’, apply 7—' to both ideals. Thus 
it is to be shown that 7~'p,’’ = p;. To do this replace the zero (&, &,) of p, 
by some parametrization. The zero (TS~'(é), T(&,’)) of T—'p,”’ is automatically 
replaced by a parametrization of the appropriate curve, simply by substitu- 
tion of the power series. And the orders (in the parameter ¢) of the corres- 
ponding co-ordinate differences of (£, &,) and (7S~'(&), T(&,’)) will be arbi- 
trarily high if the orders of T and S are high enough (it will be remembered 
that the £, are all of positive value, as noted in the proof of Theorem 1, and 
also that the value of —,’ — &, is high when the orders of S and 7 are high 
enough). It follows at once that 5(p,, 7~'"p,’’) can be made arbitrarily large 
if the order of T is high enough. Then choose T and S so that 6(p,, T—"p,’") > 
5(p,, p,) for all components p, of (F). Then 7~'p,’’, which is a component of 
(F), can only be equal to p,, as was to be proved. 
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INVOLUTIONS ASSOCIATED WITH THE 
BURKHARDT CONFIGURATION IN [4] 


A. F. HORADAM 


1. Introduction. Horadam (11) has established the existence of a locus 
L in [8] (projective 8-space) having order 45 and dimension 4, which is 
invariant under a group of order 51840 X 81 (the Clifford similarity transform 
group CT). Associated with CT are two other groups, the Clifford collineation 
group CG of order 81, and the Clifford substitution group CS of order 51840. 
Furthermore, CS may be regarded as either a subgroup of CT, or a symplectic 
group of index matrices of size 4. Among the matrices of size 9 which perform 
the operations of CT, there is a set of 81 involutory, symmetric, orthogonal 
matrices JW. As collineation matrices in [8], these produce 81 pairs of in- 
variant spaces =, II of dimensions 3 and 4 respectively. These [4]’s give rise 
to a configuration C invariant under the operations of CT, consisting of 360 
points, 1080 lines, 120 Jacobian planes, and 81 [4]’s, and their various 
inter-relationships. 

Familiarity with the theory and notation of (11) is assumed in this paper. 

If a section of L is taken by the Il-space whose determining equations are 
Xiy = X2425 (t,7 = O, 1, 2), the resulting locus consists of just 45 points forming 
a Clifford-derived configuration identical with the Burkhardt configuration 
in [4], B, which is associated with the rational Burkhardt quartic primal. 
Such points (nodes in B) have co-ordinates of two types, namely, 

Type I: (—2 ef & ee”) witht +u+v0+ 2 =0 (mod 3). 

Type II: (.; 1 —é&..). 

Twenty-seven of these nodes belong to Type | and the remaining 18 to Type 
II. A general node of Type I will, for convenience, be labelled P,,,.., or merely 
P,, where there is no possible ambiguity, while the given node of Type II 
will be designated by P,. 

Comparison may be made between our Clifford-derived configuration, 
identical with B, and the figure in [4] which Edge (6) has explained in detail. 
Based on GF(3), this latter figure differs fundamentally from B, but, at the 
same time, displays striking similarities. 


2. Involutions concerning nodes and their Jordan primes. Invariance 
of B is preserved by the harmonic inversion, or projection p(A), with respect 
to any node A and its Jordan prime. This projection is the operation of the 
group $CS (subgroup of CS of index 2 and also the cubic surface (sub)group) 
which leaves invariant A and the 12 nodes in the Jordan prime of A, and 
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which interchanges in pairs the two nodes, other than A, on each of the 16 
x-lines through A. Thus (A) is involutory. (Jordan primes in the II lie on 
L and do not intersect any of the 81 solids 2.) Operations relating to nodes 
P, and P, will usually be denoted by p(t) and p(a) respectively. Explicit 
matrix forms for the involutory projections p(t) have been obtained in (11), 
wherein the two corresponding involutory matrices in [8], p*(t) and p’*(t) 
= Jp*(t), which induce identical collineations in II, and the associated in- 
volutory symplectic index matrices p(t) and p’(t) = 2p(t) are also found. 
(Starred notation used in (11) has been altered here for convenience.) 

For the 18 Burkhardt nodes of Type II, the related matrices, which are 
not given in (11), are much less complicated. Since they fall into six similar 
triads, there is nothing lost in concentrating on only one triad, namely P, 
(a = 0, 1, 2). We deduce that 


1 / 
: : e* 
pia)= |]. € ; 
= 
1 
Correspondingly, in [8], p*(@) has only one non-zero element in each row and 
column, these being: unity in positions ao, ai:'', ae:"®, aye?', aee”*; €* in 


positions ajo°', a20°?; and e* in positions ao!°, ao2”®. Of course, p’*(a) = Jp*(a). 
Index matrices associated with these are 


1 2 
(a) = |: 
P\a) = 1 a 


l 


of which the elements belong to the finite field GF(3). The basic Clifford set 
is easily shown to be converted by p(0), p(1), p(2) into the Clifford sets 


1 01 10 10 00 
V 00» Wao, Ol» ll» ll» 
we 2 1l 01 21 
00 » Ol» Ol» Il» Wi, 
1 00 12 22 12 
i} 00; Wo ’ Wo ’ ll» ll» 


respectively, while each p’(a) has the effect of doubling the indices throughout 


the set. 
If the projection refers to the node (. ;..1 — ¢*), then it is found that the 
corresponding index matrix is 


2 
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a result used later in § 5. Eight-dimensional forms and the corresponding re- 
duced form in [4], together with the Clifford set arising from the basic Clifford 
set under the appropriate transformations, are quite easily established in a 
manner similar to that just stipulated. 

Perhaps it is worth remarking that for any matrix p(t) for which we have 
{p(t)}? = 97, each column of p(t) — 3 JI yields the co-ordinates of the node 
P,, whereas each row of p(t) —3J yields the prime co-ordinates of the 
Jordan prime of P,. In the case of the matrices p(a), the appropriate matrix 
whose columns and rows give rise to the node P, and its Jordan prime 
respectively, is p(a) — I, since {p(a)}* = J. . 

Besides the 45 involutions (harmonic inversions) just enumerated, there 
are 270 other involutions associated with B. These are analysed in § 5. The 
aim of this paper is, specifically, to find matrix forms for these 45 + 270 = 315 
involutions, to discover their symplectic forms and their augmented forms as 
matrices of size 9 (also the effect of these on the basic Clifford set), and to 
relate the invariant spaces of these (collineation) matrices to the invariant 
configuration C we know to exist in [8]. Part of this objective has been 
achieved in the above section. 


3. Invariant spaces of the 45 harmonic inversions. Next, we examine 
the invariant spaces in [8] generated by the 45 harmonic inversions. For the 
harmonic inversion p(t), the invariant solid A,,.., or simply A, when there is 
no confusion, is found to be determined by the 4 points: 


e! e! 


( 1 ) 
(i) ( 1 : : é . , " : a 
@ . ; ; é* ; , : e" ) 
( 1 f ; ” a ) 


with ¢,u,v,w = 0,1,2 and t+u+v20+w=O (mod 3). Each of these 4 
points remains unchanged under the given collineation. Altogether, nine 
solids A pass through each of the points of (i). 

Similarly, the invariant [4], Two, or T,, is uniquely determined by four 
primes whose prime co-ordinates are like the set (i), except that the indices 
are everywhere doubled. By their nature, p*(t) and p’*(t) effect the same in- 
variance of spaces. Nine T lie in each prime. 

Clearly, all the 26 solids A, lie in the [4] II since, by (11) the 12 points 
in (i) are among the 40 points of II invariant under JW. Dually, all the 27 
I, pass through the solid = (corresponding to the II) determined by the 
four points A,, — Ad, (i, 7 = 0, 1, 2). As we know, = lies on L so that each T, 
cuts L in the same solid 2. 

Furthermore, since the [4]’s II and a particular I, lie in [8], they must 
normally meet in a point. Now, by (ii), II may equally well be determined by 
the five points A, B, (i = 1,2,3,4) from which we derive the point (—2 


e' ef & €® &® & & €*) which, from our remarks about the primes determining 
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r’,, obviously lies in the T. Of course, this common point is merely the node 
P, with which the harmonic inversion is associated. It does not belong to the 
configuration C in [8]. Thus, we have shown that the 27 I, constitute a 
family of [4]’s through 2. 

Dually, the solid A,, which lies entirely in II, joins = to a prime. In prime 
co-ordinates, this is (— 2 e‘ e e” e” e” e* e” €”) and must not be confused with 
the prime (— 1 e‘ ee €* e” e* e” €®) whose [4] section by II produces the 
Jordan (polar) prime of the node P,. (Actually, these two primes in [8] meet 
in a secundum through which the simplex prime Xoo = 0 passes.) 

Systematising these results, we have, for the 27 nodes P;: 


each T through = meets II in a node; 
each A in II joins = to a prime. 

Irregularities occur in the case of the remaining 18 nodes P,. 

Taking our standard P,, and considering both p*(a) and the associated 
matrix p’*(a) = Jp*(a) which produce identical invariant spaces, we find 
that the [4] I, is determined by the four primes (in prime co-ordinates) 

l ‘ e : , : , ol 


l , / ; e : a: 


( 

cs 2 

Es ‘ ‘ , l ' ; : . 
( 


Alternatively, [', is determined by the five points 


Aw = X: ( 1 . ° ° ‘ . ° ° » Jj 
{> l . —e ‘ , — 
a ‘ l , . . —-é : ae 
W: ( l . . =-1) 
= ¢ 1 ; —| 


none of which belongs to the configuration C, except X. Points W, 7 and 
Y—Z are contained in 2, while points X and Y+Z belong to II. Of course, 
Y+Z is merely the [8] form of the node P,. 

Elements determining A, are either 


four points corresponding to the four defining primes of I,, or 
five primes corresponding to the five defining points of I,, 


with the symbol a replaced everywhere by 2a in both cases. None of the 
four defining points of A, belongs to C. 

So, for the 18 P, we find that each [, meets = in a plane (not a Jacobian 
plane) and TI in a line (joining P, to Ao), that is, each T, has three points 
in 2 and two points in II, of which Aoo belongs to C. 

Similarly, by duality, each A, lies in three primes of II and two primes of 
y, that is, each A, is the intersection of a [5] through II and a [6] (secundum) 
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through =, this secundum being the intersection of the prime dual of P, 
and the simplex prime xoo = 0. Points of C are alien to A, though the solid 
may be shown to possess three points of = and one of II. 

With regard to the matrix p*(a), it is worth noting that there are four 
possible arrangements of the four units, in pairs, all of which yield a matrix 
which leaves invariant the node and its corresponding Jordan prime, that 
is, they are involutory projections. However, as similarity matrices operating 
on a Clifford matrix W, they do not produce another W (except in the case 
of the p*(a) chosen). That is, the other three possibilities are involutions which 
are not members of the Clifford group CT. Likewise for p’* (a). Such involutions 
do not belong to a group since the group multiplication property is absent. 


4. Nodes in Jordan primes. Subsequently, it will be found useful to have 
the forms of the twelve points in a Jordan prime at out disposal. Now the 
polar (Jordan) prime of the node P, has prime co-ordinates (—1 «?‘ e™ «®* e”) 
in [4]. Suppose the node Py lies in this prime. To satisfy the incidence relation, 
we must have 


(ii) 2+ ett! + erutu’ + ez’ + eet’ — 0, 


with the usual restrictions on the variables. That is, 2¢ + ¢’, 2u + u’, 20 + 0’, 
2w+w’, #0. Therefore, = t+ 1, ¢+ 2, and similarly for the other 
variables. Consequently, six nodes are given by 


—2 etl j ett! e?t2 eet? 
\ ett? j e*tl et? 
Lert? eet 
and 
— > e'+2 ett? e*tl etl 
) tt feet! ewt2 
} e*t2 ett 


so that in the Jordan prime of a node P, we have just six nodes of Type | 
and, therefore, six of Type II. 

Regarding nodes P,, we observe that the corresponding Jordan prime has 
prime co-ordinates (- 1 — ¢«** . .) in [4], so that only three nodes of Type II 
are contained therein, namely, the nodes (- - - 1 —e*). Accordingly, there 
must be nine nodes of Type I in it. 


5. Involutions concerning Jordan pentahedra. Apart from the 45 
involutions which leave invariant a node and its Jordan prime and inter- 
change the nodes on each x-line through the given node, there is another set 
of involutory operations for which we can find matrix forms. Following 
Baker (1), Todd (12) has shown that such operations of period 2 form a 
conjugate set, and are the products of pairs of projections. 
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Now, it is known (12) that the twelve nodes of a Jordan prime fall 
into three sets of 4, forming a triad of desmic tetrahedra, any two of which 
are in perspective from each vertex of the third. Such a tetrahedron, together 
with the pole of the Jordan prime, forms a Jordan pentahedron. Otherwise 
stated, a Jordan pentahedron is a symmetrical set of five nodes such that the 
polar prime of any one contains the other four, and the join of any two nodes 
is an e-line and the plane containing any three nodes is an f-plane, that is, a 
plane containing three nodes whose joins, in pairs, are e-lines. (By an e-line 
we mean a line joining a node A to a node B in the Jordan prime of A, and 
containing no other point.) There are 27 such Jordan pentahedra in B (three 
through a given node), as well as 270 f-planes, 270 e-lines, and 240 «-lines. 

Suppose AB is an e-line. Then 


p(A)p(B) = p(B)p(A) 


so that from each e-line there arises one commutative operation p(A)p(B). 
Todd remarks that p(A) and p(B) generate an Abelian group of order 4, 
direct product of the cyclic groups generated by the projections p(A)p(B). 
Further, p(A)p(B) is an axial homology having for invariant spaces the e-line 
AB and the opposite plane (f-plane) CDE of the Jordan pentahedron having 
AB for an edge. Consequently, p(A)p(B) leaves invariant the nodes A, B, 
C, D, E and just these. 

Here we may interpolate the result, stated in Todd, that if AB is a «-line 
with C the third point on it, then 


p(A)p(B) = p(B)p(C) = p(C)p(A), 


so that, under these circumstances, p(A)p(B) has period 3. In addition, Todd 
remarks that, if ABCDE is a Jordan pentahedron, then 


p(A)p(B)p(C)p(D)p(E£) = 1. 


Both these results are easy to verify in terms of our matrices. 

Because of the different co-ordinate forms for the nodes P, and P,, the 
matrices for p(A) p(B) will have varying forms. Having regard to the com- 
ments in § 4 about the type of a node in a Jordan prime, we realise that the 
270 involutions may be classified in the following way: 


For p(A)p(B) of Type I X Type I, there are 27 X 6 = 162 possibilities, 

For p(A)p(B) of Type I X Type II, there are 27 K 6 + 18 XK 9 = 324 pos- 
sibilities, 

For p(A)p(B) of Type II X Type II, there are 18 K 3 = 54 possibilities. 


However, since each e-line occurs twice in the classification, on account of 
the commutativity property, we find that the numbers of involutions are 
81,162,27 (totalling 270). 

Attention is next focused on the set of 81 involutions. On multiplying 
together the matrices for the projections of two general nodes of Type I, 














Senaee oOo = 9 
q I [+ 4+ mz 
I+o+% I 
SH+nN+0y Z+n+ mg 

Z+ m+ 0% I 
I Z+ a+ mz 
I+"™@+0Z [+n+ mz 
I+s+9G St+i1+my 
SHtIi+9y L+s+ mg 
aZ nz 
Pt + 1% + UWS4 (*) (8S + @M) 


NZ(AZ + MN) + NZ(AZ + Mm) 
$(AZ + Mm) + 8(aZ 4+ 


SNe + Sn 


(0) - 


(mz + 4) + (mz + 2) 
(MZ + nm) + (mz + n) 
(MZ + A) + (MZ + 7) 

(MZ)Z — (mZ)z — 


Agta 
A+n+ m+ 
M+ I+ N+ 
M+ I+ m+ 

a+ 0g 


Mn+ t+) 
Mm+m+ i+) 





mn 
n 
n 


A+a+ n+n 


(AB) — (4%) — 


N+i+ A+a 


A+N+ I+1 
(mz) — (mz) — 


m) 


ee ee ae =< eee 
Z+ 4+ Z Z+ 4+ mz I [+ 2+ nz 
I+ m+ nz I [++ aR [+M+ nz 

z [+ "+ MZ [I+ % + @% I 

[+ "+ nz I [+ m+ 2% Z+ + NZ 
[+ a+ "Zz [+ 24+ mz I Z+ 4+ nZ 

I Z+"M+" Ztnr+ QB zZ 

% [+ it MZ tit % 1% 

% Stit I+it+ % % 

ng, mg ag, NZ 

AI 21aV1 

| ie IAS + %) + MOB + M) 


so + ANZ + 


(AZ + ,m) (az + 


AG + M+ 0% + m 


14% + Mm) + 1(0Z +m 18% + Js SZ + 1% + (054+, 
Il] 21av 
(42 + %) + (AZ +m) (mZ+ Mm) + (*Z4+M) CZ4+ ™+ +) (Mm) 
(0) - ("+ 4) + (MZ + 4) (JZ + 4) + GZ + 4) (4) - 
(4% + ,”) + (0% + ”) (0) — (1% + ,*) + (13 + ”) (,”) 
(46 + A+ S++) (4% + A) + (8% + 1) (0) - Ud) 
(48)% — (B)% — (MBB — ("BZ — (4B)Z — B)E— 
I] T1aVy 
M+I1+ A+a j+n+ a+a A+0Z A+n+ A+a M4+n+ A+a 
A+i1+ m+n M+ mz N+1+M4+n J+0a4+,m4+m N+04+ m+m 
Mtn Ata+ n+n j4+-m+n+4+n N+ nz A+n+ n+n 
A+a+ m+n N+mn At+n+ M4 A4+74+,M4u A+n+m4m 
jA+m+ a+a MN+1+ A+a AE+e M+1+ 440 n+m+A+0 
M+ NZ A+i+ n+n m+j+,n4+n mNetn m+a+ n+n 
AFM+ Itt AEM At = M4+M+)+1 M404 141 Ae+1 
Mra s+ Mat Ato Mone s+) +m+ 447 A+% 
("Z)—("Z)— =, mz) — (mB) — (4%) — (4%) — (,"Z) — ("Z) — (4%) — 3%) — 


5B(AZ + M) + SZ(,AZ + ,M) 
SE + AME + (4S + %)(0Z + M) 


| a1avy 


[+ 4+ @ 
Z + m + 17 
D 
[++ % 
Et 24+ % 
D 
I 
z 
% 
(43 + 7 


"Z(aZ + M) 


2 





S+a+K% 
[+ a+ % 
D 
ET U+ 1% 

[+ 4+ % 
D 
zZ 
I 
% 
Sot 4B 


+ MBAS + 


+n 


Mm) (ag + 


n+N+ +a 
A+n+ +n 
m+ a+ n+ n 
n+ a+ n+un 
M+ N+ A+a 
A+-mn-+ n+ n 
A+ 
Ao+l 
(4%) — (9%) — 








: — 
n 
n 
n 
n 
/ 
? 
. 2 
= q)d I \d 
g)d(p)d 
(a) — (a)— 7] 
(a) — (a) — 
(,%) — (”) — 
(,%) — (m) — 
(,4) — (2) — 
(,") — (") — 
(a-@- 
(4) — (4) — 
0 = 





24 






auto+2 Ww+ov+l 


ewrevustdZ 


— wwe. se 


er 6FTmUC~«wmmemUC<aierTTC 














aS. a 


THE BURKHARDT CONFIGURATION 





say, A = P, and B = Py, we find, on simplifying by means of (ii) where 
necessary, and using the convention of (11), that the matrix form of p*(A) 
p*(B) is as shown in Table I. Actually, the convention has been slightly 
extended, to allow us to interpret (say) — (2¢) — (2t’) as — e*' — e*", that 
is, only the portion in brackets is a power of « in cases like this. 

Interchanging in pairs rows 2 and 3, 4 and 7, 5 and 9, and 6 and 8,that is, 
operating on this matrix by J, we obtain the companion matrix {p*(A) p*(B)}’ 
= p*(B) p*(A) which induces the same collineation as the above matrix. 
Further, p*(B) p*(A) is the inverse of p*(A) p*(B). From these facts, we 
deduce that 


{| p*(A)p*(B)}? = {p*(B)p*(A)}? =J 


in [8], that is, the operation p*(A) p*(B) in [8} is not involutory, but has 
period 4. On account of the relationship p’*(A) = Jp*(A), we have 


p’*(A) p*(B) = Jp*(A) p*(B) = p*(B) p*(A). 


Making the necessary adjustments for the form of the projection-product 
in [4], we have, using our convention again, the equation in Table II. As this 
is symmetrical in dashed and undashed letters, we have 


P(A) p(B) = p(B) p(A) 


as we expect, and, of course, {p(A) p(B)}* = J, that is, the operation is 
involutory. 

Finally, the general symplectic matrix is shown in Table III where 
s = (w+ 2v)? + Qut + 2, s’ = (w’ + 2v’)? + 2u’'t’ + 2, and the arithmetic is 
reduced mod 3. 

Squaring this matrix always gives 2 / so that its period is 4. Calculation 
of the square is complicated and tedious. 

In particular, consider the nodes A = Pooo9 and B = Py22. On calculation, 
the reduced matrix form for p(A)p(B) is found to be 


l Ze 2e Ze Ze 
ee — 2-—-e -e« 
é 2-—-l—-e -e« 
e —-é —e& —!] 2 
« -é —é 2 —-!1 


which leaves invariant the points A, B of the e-line and the points C = P», 
D=(...1-—1) and E = Po; of the f-plane in the Jordan pentahedron. 
Additionally, in its [8] form, p*(A) p*(B), as a member of CT, transforms 
the basic Clifford set into the Clifford set 

20 Wico, We, Wr, Wis. 


Correspondingly, the index matrix is 
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. 

fo Sa 
= 
2 2 


of which the square is 2 J. 
Next, we examine the invariant spaces associated with the operation 
p*(A) p*(B), whose period is 4. Direct calculation shows that the point 


(1, — (ef + €”), — (ef + €”)...) 


is transformed into the point whose first three co-ordinates are 3.., and 
whose succeeding three co-ordinates are 


é + é*’) + el +2 +8 + etait} 
+ e”’) 4. eV terre 4 et teen) 
-\ ’+ot'+e 2t+t’ 

e” + e*’) + ew’ +2 + eet } 


with corresponding co-ordinates appropriately situated in the last three 
positions. Note that the co-ordinates are symmetrical in dashed and undashed 
symbols so that p*(A) p*(B) and p*(B) p*(A) produce the same invariant 
solid. Similar forms apply for the transformations of the u-, v-, and w-co-ordi- 
nates. Only one of the three pairs of co-ordinates in positions 4 and 7, 5 and 
9, and 6 and 8, is non-zero, a fact we now proceed to establish. 

Firstly, suppose that all three pairs are simultaneously non-zero. Then 


u+ 2’ +t+ut2tt+e’=utw 
Y+2/+it+v+2%+e/=0+0' 
w+2/+t+w4+2t+¢/ =w4+w 


which imply (say) 


(a) u’ + 2? +¢t=4u or uw’ 
(b) v +2 +t=00r v’ 
(c) w +2 +t=worw’ 


(Calculations hereunder are taken modulo 3.) Let u’ + 2¢’ + ¢ = u’. Therefore, 
2t’ + t = 0 so that ¢’ = ¢t which is clearly impossible since one point lies in the 
Jordan prime of the other. 

Consequently, take u’ + 2¢/ + ¢ = u with similar selections in (b) and (c). 
Combining these results, we have 2u + uw’ = 204+ 0 = 2wt+w’ =2t4+? 
which is obviously invalid from the incidence relation (ii). 

Assume next that all three pairs vanish together. Then 


“u“e+2/+t¢=u4+2t4+ ¢ = 2(u+un’) 
v+2/+t= 0+ 2t4+/ = 20+ 07) 
w+t+t=wt+2+’ =2wt+w 


whence 
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2u+ uo = 20+ = Qw+w =t + 2? 


which, by virtue of (ii), is essentially inadmissible. 

Accordingly, the three pairs cannot be either simultaneously zero or simul- 
taneously non-zero. Suppose, then, that the u-co-ordinates vanish but not 
the v-co-ordinates. This assumption involves 2u + u’ = t + 2¢/ = 2(2¢+ ¢’ 
(as above) and v’ + 2¢/ + ¢ = »v, that is, v + 20’ = ¢ + 2¢’. Since, from (ii) 


n , 
two powers of « are twice the other two, we must have 


2w + w = 2(20+ 0’ 
= t+ 2?’ 


which means that the w-co-ordinate also vanishes. Analogous reasoning for 
= the vanishing of the v-co-ordinates or of the w-co-ordinates obviously applies 
Of the three pairs of co-ordinates, therefore, only one is non-zero. 

To illustrate the theory, choose the nodes Poi. and Pio02. We find that 
p(0120) (1002) leaves invariant the solid Av2:;. However, this projection- 
product differs from the projection (2211), which leaves Ass; pointwise 
d invariant, in that it effects the substitution utwv on the co-ordinates ¢ uv w 
t as specified in (i). The same solid As2;; may be shown to arise invariantly 
a from the projection-products (0120) (1002) and (0102) (1020) with 
| substitutions vwtu and wvut respectively of tuvw. To see this in (say 

the first case, we take the vanishing of the u- and w-co-ordinates with the 
equation 


2(e? + ce”) He eM HATE 4 itt = — Ze (¢=0,? = 1 


and solve these equations. 

In the manner indicated above, it is verifiable that the 81 invariant solids 
formed from the projection-products p(t) p(t’) are merely the 27 solids A, 
each occurring three times. Generally, to the projection »(7) correspond 
three projection-products p(t) p(2t + 27). This is seen by letting t’ = t + a 
in the projection-product corresponding to the projection p(7). Comparing 
the t-co-ordinates in the two matrices, we have 


’ eT = — (2! + €?”) ()=t+a 


> 9 
“ = e2tta 


2 so that a = 27+4#. But a =? + 2t, so that ¢ + 2¢ = 27 +t whence 
, t! = 2t + 2T. 

Similarly for the U-, V-, and W-co-ordinates. There does not appear to 
be any general matrix connection between p(7) and p(t)p(2t + 27), though 


in particular cases a simple relation may occur. For instance, p(2211) = 
Kp(0000)p(1122) where K corresponds to the substitution (174 285 396) and 
so K? = J. 


Likewise, the 81 [4]’s [', are merely the original 27, each occurring three 
times. 
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Turning now to projection-products of Type I Type II, we find, on 
using the standard projection p(a) of Type II, that p(t)p(a) yields the matrix 
in Table IV. When squared, this matrix gives J, showing that it is of period 
4. Operating on this matrix by J, we obtain the companion matrix which 
produces the same invariance of spaces in [8]. Also 


p*(a)p*(t) = J p*(t)p*(a) = p’*(t)p* (a). 


In [4], the above matrix becomes 


0 2(2t) 2(2u) 2(2v) 2(2w) 
t — (0) 2(2a) —(2v+t) —(2w+t) 
plt)p(a) = | u 2(a) — (0) —(2v+u) —(2w+u) | = pla)pl(t) 
v —(2t+v) —(2u+v) 2(0) — (2w+v) 
w —(2t+w) —(2u+w) —(2v+w) 2(0) 


of which the square is /. 


For the projection-product to refer to an e-line, the incidence relation 
must be 


(iii) e' = e“** thatis, ¢=u+ 2a 


a fact used in the matrix calculation above and again in the determination 
of the invariant solid hereunder. 

It is easy to verify that, as a collineation matrix, p(t)p(a) has the effect 
of interchanging the ¢- and u- co-ordinates of the solid A, whilst leaving 
unaltered the v- and w- co-ordinates, that is, of performing the substitution 
utvw on tuvw. Clearly, the same A arises from the substitutions vutw, wuvt, 
tvuw, twvu, and tuwv. Hence, each A is repeated six times, thus absorbing the 
27 X 6 = 162 matrices of this kind. It is noted that the substitution utvw 
corresponds to the node having only ¢- and u- co-ordinates non-zero, viz., the 
node P,. Likewise for the other possibilities. 

Similarly, each of the 27 [4]’s T occurs six times as an invariant space. 

Writing M = w + 20, we have, on multiplying, that 


t at+s M 2aM 
2t M 
P(c)p!) = M aM 2u au + 2s 
M 2 u 


Squaring, we get { p(a)p(t)}? = 2(M? + 1) I, where M* = 0,1. Thus, p(a)p(t) 
is involutory if M? = 1, that is, if M = 1,2, but is of period 4 if M = 0, 
that is, if w = »v. 


Illustrating the above in the case A and C (given earlier), we have 
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p(A)p(C) = 


| ‘ 
l 
l 2-1 -1 —! 
l 
l 


which leaves invariant the nodes A, C of the e-line and the points B, D, E 
of the f-plane in the Jordan pentahedron. As a (non-involutory) matrix of 
CT, p*(A) p*(C)*may be shown to transform the basic Clifford set into the 
Clifford set 


OO 20 20 21 21 
Wio ’ 10» ‘02 ’ 02,5 Woo 
and the index matrix performing this operation is 


2 


NS - 


of period 4. Regarded as a collineation matrix in [8], p*(A) p*(C) is found 
to leave the solid Apooo invariant. Incidentally, p(0000) = Ap*(A)p*(C) where 
\ corresponds to the substitution (174 396 285) and thus has order 2. 

Epitomizing, we see that the effect of the 81 + 162 = 243 projection- 
products associated with a projection of Type I, as collineation matrices, is 
to reproduce each of the 27 solids A, and each of the [4]’s T in the 3 + 6 = 9 
ways indicated. (These 9 substitutions do not form a group.) So the 243 
projection-products make no effective contribution to the sets of invariant 
spaces. 

Finally, consider the last category of projection-products. There are 3 sets 
of 9 e-lines constituting the 27 e-lines, to which these refer, namely, the 
e-lines joining 


points (. li —é& . . ) to points (. , | —e’) 
points ( l : —e° . ) to points (. : l . —¢*) 
points (. l . . —e*) to points (. ; 1 —e& . ) 


a..,f =0,1,2. 


We find that p*(a) p*(b) has only one non-zero element in each row and 


column, these being unity in position ago”, €* in positions ayo"! and ao", 


f in a@o1'° and ag2””, é? in a1!” and Q29"', and Pn in Qo!) and a19"". Also, 
p* (a) p*(b) = Jp*(b) p*(a). 


The reduced form in [4] is 
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p(a)p(b) = a 
, 2b 
b 
of which the cquare is 2 J so that p(a) p(6) has period 4. Using the symplectic 
form of p(6) given in § 2, we have, on multiplication, 


2b l 2a 
l 
p(a)p(o) = 2 2a b 
) 


whose period is 4. 
In particular, if a = 2, 6 = 0, we may readily verify that p*(2) p*(0) con- 
verts the basic Clifford set into the Clifford set 


02 OU ll 21 ril 
Woo ’ Woe ’ 02; Wie ’ Vu 12 > 
and the symplectic matrix performing this function is 


l l 
l 


2 


In [4], p(2) p(O) leaves invariant the points D (used earlier) and F = P; of 
an e-line and also the points G = P20, H = Pion, I = Poo of the f-plane 
in the Jordan pentahedron. 

Under the collineation p*(a) p*(6) in [8], the solid A,, determined by the 
4 points 


( 
( 
6 : é€* ge £ A os 
( 


has the second and fourth points left invariant, while the first and third are 
interchanged. (None of these points belongs to the configuration C). 
Observation reveals that, as a,b vary within their limits, the 10 points 
determining the 9 A,, lie wholly in Il. Moreover, consideration of the solids 
A.a, 4-7 shows that, in addition to these 10 points, two other points, viz., 


Se ei. Jere” (g = 1, 2) 


will arise from the collineations p*(c) p*(d) and p*(e) p*(f). Just these 12 
points of II, but not in C, thus suffice to define the 27 solids Aj», Ace, Ag. 
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(Compare these with the twelve points of Il in C—the set of points (ii) 
which suffice to determine the 27 A,.) But these twelve points of II also 
manifestly lie in the simplex prime xo = 0 through 2. Therefore, all 27 
Ag, Aca, Aer coalesce into one solid, viz., the solid of intersection of II and 
Xoo = 0. I find this an unexpected, but satisfying, simplification. Knowing, 
however, the perverse forms of matrix operators like p(a) and remembering 
the importance of our basic spaces, perhaps we should not be too surprised 
at such eccentricities of behaviour. 

Dually, the 27 Ty», T'.«, T's are united as one [4], joining Ago to 2». 

So the solid, II (\ xo = 0, and the [4], 2 + Aoo, are the invariant spaces 
of the 27 Type II X Type II operations. 

A diagram will serve to emphasize the aesthetic simplicity of the invariant 
spaces we have been investigating. 


6. Summary. Explicit matrix forms for the 45+270 = 315 involutory 
operations used by Todd in connection with the configuration B have now 
been found. Extensions of these matrices to [8] and to the symplectic forms 
have been accomplished. As members of C7, the augmented matrices, num- 
bering 315 K 2 = 630, are proved to have period 4 in 270 K 2 = 540 cases, 
and to be involutory in the remaining 45 K 2 = 90 cases. Symplectic matrices, 
315 in all, are generally of period 4, except the set of 45, which are involutory, 
and those matrices like p(a) p(t) for which w = v, which are also involutory. 
Moreover, the invariant spaces of the collineation matrices in [8] have been 
found and related to the configuration C. 

Geometrically, the results may be summed up in the following manner. As 
collineation matrices in [8], the 630 members of CT leave invariant 315 
solids A and 315 [4]’s I’. Of these, only 46 A and 46 I are distinct. Regarding 
the A, we have: 

27 A, lie entirely in II, being determined completely by twelve points of C, 
and each lies in a prime through 2; 

18 A, each of which lies in three primes through II and in two primes through 
Y, and contains no points of C; 

Ll Aw = I 7\ xo = 0, containing no points of C. 

And dually there exist: 

27 IT, containing = entirely, each meeting II in a Burkhardt node; 

18 IT, each meeting = in a plane and II in a line, such that the simplex 
vertex Aoo is a common point of these eighteen lines; 

1 Te = 2 + Ao. 

Intersection relations amongst the various A and I may be obtained, but 
this objective is beyond the purpose of this paper. Details of the intersections 
of the invariant spaces with the locus Z and the configuration B may safely 
be left to the reader’s curiosity. 

The results embodied in the above summary apply to the [4] II given by 
Xiy = Xay2, (i, 7 = 0, 1, 2) and its dual space, the solid = defined by Ay — A x2, 
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(i,7 = 0, 1,2). Obviously, they apply equally well in modified form to the 
other II- and =- spaces whose invariance is preserved by the collineation 
matrices JW. 

It is hoped that, in another paper, discussion of the complete set of invo- 
lutions of the Clifford group CT will be forthcoming. The set of 81 JW and 
90 p* (54 p*(t) and 36 p*(a)) clearly do not form a group, as, for instance, 
the product of two JW matrices yields merely a W. Also, the product of two 
p*’s is a matrix of period 4, as we have shown. 


7. Finale. Quite recently, some interesting and important articles have 
appeared relative to the group CS of order 51840 which is known (11) to be 
the factor group C7/CG, and to the group 3CS of order 25920. 

Structural properties of CS have, within the past few years, been investi- 
gated by Edge (7; 8). In the former, he shows that this group has a repre- 
sentation by orthogonal matrices, of size 5 and determinant + 1, over GF(3). 

Dieudonné (4) has dealt with geometrical properties associated with two 
groups of order 25920. These groups, the projective groups corresponding to 
the symplectic and unitary groups Sp4(F3;) and U,*(F,) respectively (in 
Dieudonné’s notation), have been proved isomorphic by Dickson (3). Else- 
where, Dieudonné (5) discusses the automorphisms of these groups. 

By (11), the generators Q and D of 4$CS have periods 5 and 3 with defining 
relation (QD)* = I. Compare these with the generators S and T of Brahana 
(2), which have periods 5 and 2 respectively, with ST and S*T of periods 
12 and 9 respectively. Frame (9) in examining an abstractly identical group, 
obtains two generators similar to Brahana’s generators. 

Finally, CS, the group of automorphisms of the 27 lines of a cubic surface 
is, Frame (10), the subgroup of the group of order 51840 K 28 = 1451520 


of the automorphisms of the 28 bitangents to a plane quartic curve, which 
leaves one bitangent fixed. 
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GRAPH THEORY AND PROBABILITY 
P. ERDOS 


A well-known theorem of Ramsay (8; 9) states that to every m there exists 
a smallest integer g(m) so that every graph of g(m) vertices contains either 
a set of m independent points or a complete graph of order n, but there exists 
a graph of g(m) — 1 vertices which does not contain a complete subgraph 
of m vertices and also does not contain a set of m independent points. (A graph 
is called complete if every two of its vertices are connected by an edge; a set 
of points is called independent if no two of its points are connected by an 
edge.) The determination of g(m) seems a very difficult problem; the best 
inequalities for g(m) are (3) 
(1) 2h < a(n) < ("—*). 

s—] 

It is not even known that g(m)'” tends to a limit. The lower bound in (1 
has been obtained by combinatorial and probabilistic arguments without an 
explicit construction. 

In our paper (5) with Szekeres f(z, /) is defined as the least integer so that 
every graph having f(k, /) vertices contains either a complete graph of order 
k or a set of / independent points (f(k, k) = g(k)). Szekeres proved 


(2) {RD < (" = 2) ; 


k-—1 
Thus for 
k = 3,f(3,1) < e ‘) . 


I recently proved by an explicit construction that f(3,/) > l'*" (4). By 
probabilistic arguments I can prove that for k > 3 


(3) f(b) > 1(# +1?) - 


which shows that (2) is not very far from being best possible. 

Define now h(k, l) as the least integer so that every graph of h(k, /) vertices 
contains either a closed circuit of k or fewer lines, or that the graph contains 
a set of / independent points. Clearly 4(3, 1) = (3, J). 

By probabilistic arguments we are going to prove that for fixed k and suffi- 
ciently large / 

(4) h(k, 1) > POM. 
Further we shall prove that 
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GRAPH THEORY AND PROBABILITY 


(5) h(2k + 1,1) < cyl'*™, h(2k + 2,1) < cg l'*™. 


A graph is called r chromatic if its vertices can be coloured by r colours 
so that no two vertices of the same colour are connected ; also its vertices cannot 
be coloured in this way by r — 1 colours. Tutte (1, 2) first showed that for 
every 7 there exists an r chromatic graph which contains no triangle and 
Kelly (6) showed that for every r there exists an r chromatic graph which 
contains no k-gon for k < 5. (Tutte’s result was rediscovered several times, 
for instance, by Mycielski (7). It was asked if such graphs exist for every k.) 
Now (4) clearly shows that this holds for every k& and in fact that there exists 
a graph of m vertices of chromatic number > n* which contains no closed 
circuit of fewer than k edges. 

Now we prove (4). Let 2 be a large number, 


0<e<i 


is arbitrary. Put m = [n'**] ([x] denotes the integral part of x, that is, the 
greatest integer not exceeding x), p = [m'-"] where 0 < 9 < €/2 is arbitrary. 
Let @” be the complete graph of m vertices x;, x2,...,x, and @® any of 
its complete subgraphs having p vertices. Clearly we can choose G® in (5) 


ways. Let 
) 
OG", l<a< (> 


m 


be an arbitrary subgraph of @” having m edges (the number of possible 
choices of @ is clearly as indicated). 

First of all we show that for almost all a,@,. has the property that it 
has more than m common edges with every &®. Almost all here means: for 


all a’s except for 
n 
2 
m 
Let the vertices of G@” be x,, x2,..., xX». The number of graphs G,con- 


taining not more than m of the edges (x,,x,), 1 << i<j < p equals by a 
simple combinatorial reasoning 


# ((2))(@)-()) < + n(@))(@)-@) 


sas l m—l m 


=((2)-(3)) < (4a) |p _&) “Ue p=(1-&) 
<+(8-9) <@)o(--QY (ros 
(-"). 


my 


n 


(;) 
< 2 p™ exp 


m 
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Now the number of possible choices for @® is 


(") <n’ <p" 
. , 


Thus the number of a’s for which there exists a @® so that @® (\ G,” 
has not more than m‘edges is less than (7 < €/2) 


( (9 
2/ | p™ exp(— n't") = A 2 
m m 

as stated. 

Unfortunately almost all of these graphs @,™ contain closed circuits of 
length not exceeding & (in fact almost all of them contain triangles). But we 
shall now prove that almost all @, contain fewer than n/k closed circuits of 
length not exceeding &. 

The number of graphs @, which contain a given closed circuit (x;, x2), 
a” ee (x;, x1) clearly equals 


(2) - 


The circuit is determined by its vertices and their order—thus there are 
n(n —1)...(m —1+ 1) such circuits. Therefore the expected number of 
closed circuits of length not exceeding k equals 


©)'£0()(O-))<asange(%) 
2 7 a(") 2 < (1+ o(1)) DO n' 
- l=3 —— l=m3 (") 


k 
<(1 + o(1)) n* uae = a(n) 


since « < 1/k. Therefore, by a simple and well-known argument, the number 
of the a’s for which @,™ contains n/k or more closed paths of length not 
exceeding k is 


as stated. 

Thus we see that for almost all a G, has the following properties: in every 
@® it has more than m edges and the number of its closed circuits having k 
or fewer edges is less than n/k. Omit from @,™ all the edges contained in a 
closed circuit of k or fewer edges. By what has just been said we omit fewer 
than n edges. Thus we obtain a new graph @,’™ which by construction 
does not contain a closed circuit of k or fewer edges. Also clearly @,/™ C\ @” 
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is not empty for every @®. Thus the maximum number of independent 
points in @,’™ is less than p = [n'~*], or 


h(k, {n*"]) > n 


which proves (4). 
By more complicated arguments one can improve (4) considerably; thus 
for k = 3 I can show that for every « > 0 and sufficiently large / 


f(3, 1) = h(3,1) > 1°, 


which by (2) is very close to the right order of magnitude. 

At the moment I am unable to replace the above “existence proof’’ by a 
direct construction. 

By using a little more care | can prove by the above method the following 
result: there exists a (sufficiently small) constant c, so that for every k and | 


(6) h(k, 1) > cq UA, 


(If k > ¢ log / (6) is trivial since h(k, 1) > 1.) 

From (6) it is easy to deduce that to every r there exists a cs so that for 
n > no(r, Cs) there exists an r chromatic graph of m vertices which does not 
contain a closed circuit of fewer than [cys log m] edges. I am not sure if this 
result is best possible. 

We do not give the details of the proof of (3) since it is simpler than that 
of (4). For k = 3 (3) follows from (4). If k > 3, put 


m = co[n” 1] 


and denote by %,. the “‘random”’ graph of m edges. By a simple computation 
it follows that for sufficiently small c., @," does not contain a complete graph 
of order k for more than 

0-9 2 


m 


values of a, and that for more than this number of values of a @, does not 
contain a set of cn**-' log m independent points (c = (cs) is sufficiently 
large). Thus 

f(k, cm" log n) > n, 


which implies (3) by a simple computation. 

Now we prove (5). It will clearly suffice to prove the first inequality of (5). 
We use induction on /. Let there be given a graph @ having 4(2k + 1,1) — 1 
vertices which does not contain a closed circuit of 2k + 1 or fewer edges and 
for which the maximum number of independent points is less than /. If every 
point of @ has order at least [/'*] + 2 (the order of a vertex is the number 
of edges emanating from it) then, starting from an arbitrary point, we reach 
in k steps at least / points, which must be all distinct since otherwise © would 
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have to contain a closed circuit of at most 2k edges. The endpoints thus ob- 
tained must be independent, for if two were connected by an edge © would 


contain a closed circuit of 2k + 1 edges. Thus © would have a set of at least | 


l independent points, which is false. 

Thus @ must have a vertex x; of order at most [{/'] + 1. Omit the vertex 
x, and all the vertices connected with it. Thus we obtain the graph @’ and x, 
is not connected with any point of @’, thus the maximum number of in- 
dependent points of @’ is / — 1, or @’ has at most A(2k + 1,1 —1) —1 
vertices, hence 


h(2k + 1,1) < h(2k +1,1-—1) + [l'*} +2 


which proves (5). 
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A CLASS OF FROBENIUS GROUPS 


DANIEL GORENSTEIN 


1. Introduction. If a group contains two subgroups A and B such that 
every element of the group is either in A or can be represented uniquely in 
the form aba’, a, a’ in A, 6 # 1 in B, we shall call the group an independent 
ABA-group. In this paper we shall investigate the structure of independent 
ABA-groups of finite order. 

A simple example of such a group is the group G of one-dimensional affine 
transformations over a finite field K. In fact, if we denote by a the transforma- 
tion x’ = wx, where w is a primitive element of K, and by 6 the transformation 
x’ = —x + l, it is easy to see that G is an independent ABA-group with 
respect to the cyclic subgroups A, B generated by a and 5b respectively. 

Since G admits a faithful representation on m letters (m = number of 
elements in K) as a transitive permutation group in which no permutation 
other than the identity leaves two letters fixed, and in which there is at least 
one permutation leaving exactly one letter fixed, G is an example of a Frobenius 
group. In Theorem 1 we shall show that this property is characteristic of 
independent A BA-groups. 

In a Frobenius group on m letters, the set of elements whose order divides 
m forms a normal subgroup, called the regular subgroup. In our example, the 
regular subgroup M of G consists of the set of translations, and hence is an 


Abelian group of order m = p” and of type (p, p,..., »). Our main object 
will be to give a proof (Theorem 5) that the regular subgroup of an independent 
ABA-group is always an Abelian group of type (p, p,..., »). We shall call 


such an Abelian group an elementary Abelian group. Throughout the paper 
all groups will be assumed to be of finite order. 


2. Independent ABA-groups as Frobenius groups. 


THEOREM 1. If G is an independent ABA-group, then G is a Frobenius group. 
If A has order h, B has order k, and the regular subgroup M of G has order m, 
then m = h(k — 1) + 1. 


Proof. Consider A (\ xAx~' for x in G, and suppose that for some x this 
intersection contains an element a ~ 1. If x is not in A, then by definition of 
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G,x = a’'ba",a’, a" in A, 6b # 1 in B; and consequently (a’ba’’)a;(a’ba"’)-' = a 
for some a, in A: It follows that 4, = ab, where 4; = a’’a,a”"" and 4 = a’—'aa’, 
which contradicts the fact that G is an independent ABA-group. 

Hence A (\xAx~' # 1 implies x is in A; thus the normalizer of A in G is A 
itself and the intersection of A with any of its conjugates consists only of the 
identity element of G. It is well known that these conditions imply that G 
is a Frobenius group, and furthermore, if M is the regular subgroup of G, 
that G = AM (5, 144). 

Thus the order of G is hm. On the other hand, as an independent A BA-group, 
the order of G is easily computed to be h?(k — 1) + h, whence the equality 
m = h(k — 1) + 1 follows at once. 


3. A class of Frobenius groups. Let G = AM be a Frobenius group, its 
regular subgroup M having order m, and A of order h. Since the automorphism 
of M induced by conjugation by an element of A(# 1) leaves only the 
identity element of M fixed, it follows that 4m — 1, and hence the quantity 
k = 1 + (m — 1)/h is an integer. In an independent ABA-group this integer 
k is, by Theorem |, the order of the subgroup B, and hence k divides the order 
hm of G. 

In this section we shall completely determine the structure of the regular 
subgroup of a Frobenius group in which the integer k has this additional] 
property. 


THEOREM 2. Let G = AM be a Frobenius group, M its regular subgroup, 
of order m, A of order h, and set 1 + (m — 1)/h = k. Then if kihm, M is either 
a p-group or the direct product of two elementary Abelian groups. 


Proof. Suppose p|m, and let S, be a p-Sylow subgroup of M. If N, denotes 
the normalizer of S, in G, then N, is itself a Frobenius group, and in fact 
N, = A'N,’ where A’ is of order h and N,’ is the normalizer of S, in M (3, 
Lemma 2.5). Thus N,’ is left invariant by the automorphisms of M induced 
by A’. Since S, is a characteristic subgroup of N,’, it also is left invariant by 
these automorphisms. On the other hand, any two subgroups of order h in G 
are known to be conjugate, so that A’ = xAx~' for some x in G. It follows 
that the p-Sylow subgroup x~' S,x is left invariant by the automorphisms of 
M induced by A. 

The set of elements H, of order dividing » which are in the centre of this 
b-Sylow subgroup themselves form a subgroup of M which is left invariant by 
A. It is still possible that some proper subgroup of H, is invariant under the 
automorphisms induced by A. Let 7, be a minimal such subgroup; 7, is an 
elementary Abelian group of order p", n > 1. Moreover, 


3.1 hip" — 1 
and a fortiori (h, p) = 1. Since T, C M, we must also have 


3.2 p"\m. 





ca = 
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By definition of k, we also have the equality 


3.3 m=h(k — 1) + 1. 
Using 3.1 and 3.2, it follows easily from this relation that 
3.4 b= Pts trp" 


for some integer \ > 0, and hence that 

3.5 m = p"(1 + Ah). 
Since k|hm, we can write k = 2 where &,\h and ke\m; and hence using 3.3, 

3.6 


ky 
Ri\h, kojh — 1. 
Thus k = kik ChA(h —1) Ch 


bp", and consequently 
3.7 <A. 


Suppose now that M is not a p-group and hence that there is a prime 
q # p dividing m. As above, M contains a minimal elementary Abelian sub- 
group 7, of order g’, r > 1, which is invariant under A. Thus 


3.8 hiq’ — 1, 
and as q’|m, 
3.9 q'\1 + AA. 


It follows from 3.8 that g’ = 1 + wh for some uw 2 1, whence | + Ad = 
y(1 + wh) for some y > 1, by 3.9. Thus y = 1 (mod &); and hence the 
assumption y > | implies y > h, whence 1 + Ak > 1 + A’, contrary to the 
fact that A < h. Hence y = 1, uw = A, g’ = 1 + Ah, and we conclude that 


3.10 m = p"q’. 


It follows now from Burnside’s well-known theorem that M is solvable, 
and hence by a theorem of Feit (3) and Higman (4), M is in fact nilpotent. 
Thus M is the direct product of the elementary Abelian groups 7, and 7,, 
and the theorem is proved. 


COROLLARY. Under the hypothesis of Theorem 2, G is solvable if A is solvable. 
Proof.G/M = A, and, by the theorem, M is solvable. 
The structure of M can, however, be determined much more explicitly: 


THEOREM 3. Under the hypothesis of Theorem 2, the regular subgroup M of G 
ts etther 
1. An elementary Abelian group, 
Il. An abelian group of order 16 and of type (4, 4), with h = 3, 
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Ill. The direct product of two elementary Abelian groups whose orders p" 
and q' are connected by the equalities 
2+ pR=q =h+ 1. 
Proof. We preserve the notation of Theorem 2 


Case 1. M is a p-group. If m = p‘, we must have ¢ > 2, since 7, C M. 
Ift = n, M = T, and there is nothing to prove. Hence we may assume ¢ > n. 
For suitable integers u and s, we have 


3.11 h = 1+ up’, 


where (x, p) = 1 and s < mn. Since h\p‘ — 1 and hip" — 1, hlp*" — 1, and 
hence 
3.12 up? <p. 


Furthermore, by definition of k, we have 


p' _ 1 , p' s + u 
k _ ;+1 ; 

1+ up 
whence 


3.13 ,uk—Te p,ow ey’. 


It follows at once that 
3.14 (p* + w)\(p” — 1)?. 


Now (p* — 1)? = p™(*"(p** + wu) — (2p" + up” ” — 1), and con- 
sequently 


3.15 (p* + yp) 2p” ab pp" a 
Thus 
3.16 te > p' y- 2p" + rm 4. 1. 


But now, using 3.12 we have ¢ — s > n; combining this inequality with the 
right-hand side of 3.16, yields 


3.17 up™—"— > p' 


except when p = 2 and =t —s —l. 

Leaving this exceptional case aside for the moment, we see that 3.17 im- 
plies up* > p?-*""*' > p*™ since t — s — n — 1 > 0, and this contradicts 
3.12. 

We have thus proved that either ¢ = m or p = 2andt = + s + 1. Since 
h\p*" — 1, we have in the latter case (1 + u2*)|2**' — 1, whence u l, 
s = 1, h = 3. But now 3.6 becomes }$(2"*' + 1)|3, and hence m = 2, ¢ = 4. 
Thus M is a group of order 16, while 7> is of order 4. 

Since h = 3, M must admit an automorphism of order 3 leaving no elements 
other than the identity fixed. It can be shown that a group of order 16 having 
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rs pr such an automorphism is either an elementary Abelian group or an Abelian 


group of type (4, 4). 


Sew 


fact an elementary Abelian group, with the single exception stated in II. 


We have therefore proved that if M has prime-power order, then it is in 


Case 2. M is not a p-group. Then by Theorem 2, M is the direct product of 

. M. elementary Abelian groups M, of order p" and M, of order qg’. This time we 
> n. write 

3.18 h = 1 + up’g', = 1, 


and as above 


and 3.19 up*q' < Pp", 
From the definition of k, we also have 
a—e rst 
' (3.20) ky = ck 2 
h 
| Furthermore, (p"~*g’—' + uw) (p" — 1)(¢ 
39] up'g' > p*-*q* Pr p 


We shall suppose, for definiteness, that p" > g’, and hence that 


2|. 


up*q' < 


Pam@g +n t+ i. 


ke = pq’. 


up'g' > 4% - 


In view of 3.19, the quantity in the brackets is less than 1, whence 
q’ < 3p*q'. 


Using 3.19 again, it follows that 1 < 2. However, 3.19 can be strengthened 


son- | 3.22 





considerably; in fact, it is clear that 2up*g' < qg’ unless A = q’ 1, and 
3up'g' <q’ unless Ah = g’ — 1 or 2h = gq’ — 1. It follows therefore from 3.22 
that 
3.23 v(1 + wp'g') = gq’ — 1, 
the 
where vy = lor2ifw = 1,andyv = 1 if wu = 2. 
We deduce by inspection that 3.23 has the following five solutions only: 
' (a) ¢=O,4=1,¢ # 2, 
im- (b) ¢=0, 4 = 2,¢ = 2, 
icts 3.24 (c) ¢=0,n=1,¢ #3, 
d)t=l,w=l1,¢ = 2, 
nce | 
1. ; (oe) t= 1luw=l1,¢ = 3, 
4. | In particular, it follows from this that 
ate 3.25 h=1+ ap’, 


where | <a < 3. 





), and hence, as in C; 
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Since h\p" — 1, we have p* — 1 = y(1 + ap‘), y > 1, and hence y = 
—1-+ 8p', 8 > 1. Upon substitution for y, we obtain 


3.26 Bap?* = p* + (a — B)p’. 

Since a < 3, the assumption m < 2s implies 8 = 0, which is impossible. 
Thus n > 2s. 

Consider next the case m = 2s. The only solution of 3.26 is then easily seen 
to bea = 1, 8 = 1. This implies that we are either in Case 3.24 (a) or 3.24 (c). 
However, Case 3.24 (c) with m = 2s yields g’ = 3 + 2p’, and hence 


», — PB + 2p") +1 
1 1 + p* 
This is impossible since k,\|h and A = 1 + p*. 
In Case 3.24(a), on the other hand, we obtain the solution h = 1 + p* = 


gq’ — 1, ki = 1 + p’, ke = fp’, which accounts for the third alternative of the 
theorem. 


= 2p’ + 1. 


We may therefore assume throughout the remainder of the proof that 
n > 2s. Consider first the cases in which ¢ = 0. We use 3.23 to replace q’ in 
3.21, obtaining 


3.27 (yp + w)p* > (mu — 1)p* + (1+ v)p** +4 --». 


In each of the three cases in which ¢ = 0 this inequality implies that » < 2s, 
contradicting our present assumption that m > 2s. 
Similarly in Case 3.24(d), 3.21 reduces to 


3.28 4p* > p”™. 
Either » < 2s or, since g = 2, p = 3 and ~ = 2s + 1. But this would require 


1 + 2.3°\37*+! — 1, which is impossible. 
Finally in Case 3.24(e), 3.21 reduces to 


3.29 9p" > p" + p>" — 1. 


Since g = 3, it follows that m < 2s except when p = 5,5 = 0,” = Lor p = 2, 
n < 2s + 2. In the first case, p* = 5, g’ = 9, contrary to our assumption 
p" > q’. The second case requires either 1 + 3.2*\27*+' — 1 or 1 + 3.2*\2?*** 
— 1, the only solution of which is easily checked to be s = 1. But then 2h = 14, 


which is not of the form 3’ — 1. This completes the proof. 


CorOLuary. If M is an elementary Abelian group, A is a maximal subgroup 
of G, except when the order of M is 16 and the order of A is 3. 


Proof. In Case 1 of the proof of the theorem, we actually showed that 
M = T,, except when p = 2, 7, is of order 4, and M is of order 16. Since by 
construction no proper subgroup of 7, is left invariant by A, the equality 
M = T, clearly implies that A is a maximal subgroup of G. 
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4. Independent 4A BA-groups in which A is of even order. The following 
theorem gives the complete structure of independent ABA-groups in which A 
has even order. Its proof does not depend upon Theorems 2 and 3, but only 
on the fact that such a group is a Frobenius group. This theorem will be used 
in the next section in the proof of our main result (Theorem 5). 


THEOREM 4. Let G be an independent ABA-group in which the order h of A is 
even, and let m be the order of the regular subgroup M of G. Thenh = m — 1, 
M is an elementary Abelian group, A is isomorphic to the multiplicative group 
of a nearfield K, and G is isomorphic to the one-dimensional affine group over 
K. 

Proof. Since h is even, A contains an element a* of order 2. Let o,*(t) = 
a*~fa* for all t in M. Then o,* is an automorphism of M or order 2 leaving 
only the identity element fixed. But a group having such an automorphism 
can easily be shown to be Abelian. (1, p. 90). 

It follows therefore that 


oat(toge(t)) = ogr(t)oce(t) = oe(t)t = to,r(t). 
Thus to,*(t) is left fixed by o,*, and hence equals 1. We conclude that 
4.1 a*t-' = ta* 
for all tin M. 

Now let d € B, b # 1. Since G = AM, we can write 6 = at,a € A,t € M. 
If a = 1, bis in M, and then 4.1 implies a*d-' = ba*, contradicting the inde- 
pendence of G. 

Thus a # 1. Suppose, if possible, that a # a*. Let a have order d, and put 
o,(t) = a~'ta. Then 


be! = (at)! = a*"[o,**(t)..... oq(t)t] = a*'¥’, 


where ¢’, in M, denctes the quantity in brackets. Since M is Abelian, o,4~'(t)t’ 
is left fixed by o,, and hence o,*'(#)t/ = 1. Thus 


4.2 6! = a*"[¢,%"(t)}-. 

But now it follows from 4.1 that 
4.3 b1g* = at 'q*e,*"'(t). 

On the other hand, ba~' = (at)a*' = o,*'(t), and consequently 
1.4 b*'a* = a*"'a* ba". 


Since a* # a, this contradicts the independence of G. 

We conclude then that every element of B distinct from the identity is of 
the form a*t with ¢ in M. If B contained two such elements }; = a*t, and 
bs = a*te, it would follow that 6 = b:b. = t;~'%4. were in M € B, and we have 
already shown that this leads to a contradiction. 
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It follows therefore that B has order 2, and hence that m = h(k — 1) + 1 
= h + 1, thus establishing the first conclusion of the theorem. 

But the structure of a Frobenius group of order (m — 1)m, where m is the 
order of its regular subgroup M, is well-known (compare 2, chapters VI, X, 
XIII): M is an elementary Abelian group, G is isomorphic to the one-dimen- 
sional affine group over a near field K of order m, and under this isomorphism, 
the subgroup A of G is mapped onto the multiplicative group of K. 


5. The Structure of independent 4 B A-groups. We are now in a position 
to establish our main result: 


THEOREM 5. The regular subgroup M of an independent ABA-group G is an 
elementary Abelian group. Moreover, A is a maximal subgroup of G. 


Proof. By Theorem 3, M is either an elementary Abelian group, an Abelian 
group of type (4,4) with A = 3, or the direct product of two elementary 
Abelian groups M,, M, of orders p", q’ satisfying the relations: 4 + 1 = 
2+ p= q’. 

That no independent ABA-group of the third type exists may be seen as 
follows: since p # g, we must have p # 2, and hence h is even. But then 
Theorem 4 implies h = m — 1 = p"q’ — 1, contrary to the fact that h = 
q’ — 1. 

On the other hand, by the corollary of Theorem 3, if M is an elementary 
Abelian group, A is a maximal subgroup of G except when M has order 16 
and h = 3. Thus the theorem will be completely proved if we show that no 
independent A BA-group exists in which #4 = 3 and M is either an elementary 
Abelian group or an Abelian group of type (4, 4). 

From the relation h(k — 1) + 1 = mwithh = 3, m = 16, we conclude that 
k = order of B = 6. Since G is a Frobenius group, every element is either in 
M or conjugate to an element of A. Thus the elements of G are of orders 1, 2, 
3 or 4; and hence B is not cyclic. Consequently B is generated by elements 
b;, bs of orders 2, 3 respectively satisfying the relation 


5.1 bibeb;* = ba’. 


Since 6, is of order 2, it is in M. On the other hand, bd. = a‘t, where ¢ is in 
M, and e = +1. Thus ),a* 5,-' = (a*t)—'. Since M is normal in G, it follows 
at once that a** is in M, contrary to the fact that A (\ M = 1. 

From Theorem 5 we can now deduce the following structure theorem for 
independent A BA-groups: 


THEOREM 6. Let G be an independent ABA-group with A of order h and the 
regular subgroup M of G of order m. Then: 

I. If h =m —1, A ts isomorphic to the multiplicatie group of a nearfield K, 
and G is isomorphic to the one-dimensional affine group over K. Conversely, the 
one-dimensional affine group over any finite nearfield is an independent ABA- 
group satisfying these conditions. 


a 




















—_——— Lee 


A CLASS OF FROBENIUS GROUPS 17 


Il. Jf h<m—1, A is a metacyclic group of odd order whose generator: 
a), Gz satisfy the relations 


h2 1 he 
a' = a>’ = 1,aayaz_ = aj,r"* =1(modh,), and ((r — 1)he,m) = 1. 


In particular, if A is cyclic, G is isomorphic to a subgroup of the one-dimensional 
affine group over a finite field. 


Proof. The proof of | has been given in the last paragraph of Theorem 4. 


Conversely, the one-dimensional affine group over a finite nearfield K is 
easily seen to be an independent A BA-group when J is defined to be the set of 
transformations x’ = ax, a € K, a # 0, and B is the subgroup of order 2 
generated by the transformation x’ = —x + 1. 

If h < m — 1, A is of odd order by Theorem 4. Since A is isomorphic to a 
group of automorphisms of M, each of which, except the identity, leaves 
only the identity element of M fixed, it follows that the Sylow subgroups of 
A are all cyclic (1; 2; 7). But then it follows that A is a metacyclic group 
satisfying the conditions listed in II (6, 145). 

Finally if A is cyclic, we denote by o, the automorphism of M induced by 
a generator a of A. For convenience, we also regard M as an n-dimensional 
vector space over the integers modulo p. Since A is maximal in G, no subspace 


of M is left invariant by A, and hence the elements ¢, o,(t),...,o,"~'(t) are 
linearly independent over the integers mod p for every t # 0 in M. For each 
choice of the integers Co, ¢1,...,¢€,-1 (mod p), not all 0 (mod ), it follows 
that the mapping 

n—l 
5.2 t— > Co, (t) 

i=0 


is an automorphism of M leaving only the identity element fixed. In this way 
we obtain a group of automorphisms A* of M of order p" — 1, which clearly 
contains A. It is easy to see that A* is also cyclic. Hence the Frobenius group 
G* = A*M of order (p* — 1)” is isomorphic to the one-dimensional affine 
group over GF(p"). Since G C G*, the last statement of the theorem now 
follows. 
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A FURTHER EXTENSION 
OF CAYLEY’S PARAMETERIZATION 


MARTIN PEARL 


1. Introduction. In a recent paper (3)* the following theorem was proved 
for real matrices. 


THEOREM 1. Jf A is a symmetric matrix and Q is a skew-symmetric matrix 
such that A + Q is non-singular, then 


(1) P =(A+Q)-(A -—Q) 


is a cogredient automorph (c.a.) of A whose determinant is + 1 and having the 
property that A and I + P span the same row space. 

Conversely, if P is a c.a. of A whose determinant is + 1 and if P has the 
property that I + P and A span the same row space, then there exists a skew- 
symmetric matrix Q such that P is given by equation (1). 


Theorem | reduces to the well-known Cayley parameterization in the case 
where A is non-singular. A similar and somewhat simpler result (Theorem 4) 
was given for the case when the underlying field is the complex field. It was 
also shown that the second part of the theorem (in either form) is false when 
the characteristic of the underlying field is 2. The purpose of this paper is 
to simplify the proof of Theorem | and at the same time, to extend these 
results to matrices over an arbitrary field of characteristic ~ 2. 


2. Matrices Over Arbitrary Fields. Let F be a field whose characteristic 
is not 2 and let \:a@— 4 be an involutory automorphism on F. We will 
designate by Fy the set of elements of F which can be expressed as a/d for 
some a € F. If X is not the identity mapping, we may also characterize Fy as 


the set of elements x for which x = 1. Ifx # —1, seta = x+1;ifx = —1, 
set a = c — € where c # €. Then F) is a subgroup of the multiplicative 
group of F. 

We define the conjugate transpose A* (1, 2) of the matrix A = [a,,], a;, © F 
by A* = [b,,;], bs; = @,;. Then A is symmetric if A* = A and is skew-sym- 
metric if A* = — A. 


THEOREM 1’. If A is a symmetric matrix and Q is a skew-symmetric matrix 
such that A + Q is non-singular, then 


Received March 13, 1958. This work was completed under a National Research Council- 
National Bureau of Standards Postdoctoral Research Associateship. See (3) for all undefined 
terms. 
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P =(A+Q)-(A - Q) 


isac.a. of A, |P| € Fo and I + P spans the same row space as A. 

Conversely, if P is ac.a. of A such that I + P spans the same row space as 
A and if |P| © Fo, then there exists a skew-symmetric matrix Q such that P is 
given by equation (1). 


Theorem | is a special case of Theorem 1’ since Fy contains just the element 
+ 1 when F is the real field. 

The proof of Theorem 1’ is in three parts. As in the proof of Theorem 1, 
the first half is immediate. The first part of the proof of the converse consists 
of repeated simplifications of the forms of A and Q and is analogous to the 
first part of the proof of the converse in Theorem 1. However, in (3) ortho- 
gonal transformations A — U’AU were used to simplify the forms of all of 
the matrices involved in the construction of the real skew-symmetric matrix 
Q (for example, the reduction of A to diagonal form). Since the orthogonal 
reductions possible in the real field are, in general, not possible in the arbitrary 
field now under consideration, it is necessary that orthogonality conditions 
be avoided. Hence, Lemma | must be replaced by 


Lemma 1’. For any non-singular matrix U, U-'P U is ac.a. of U*AU if and 
only if P is ac.a. of A. Equation (1) holds if and only if 


U"'PU = (U*AU + U*QU)"(U*AU — U*QU). 


Moreover, |P| = |U"*PU|, and I + P spans the same row space as A if and 
only if I + U-'PU spans the same row space as U*AU. 


Using Lemma 1’, A may be expressed as the direct sum of a non-singular 
diaongal matrix and a zero matrix (2, Theorem 36.2). 

The last part of the proof consists of the verification of two conditions 
(analogous to conditions (6’) and (6’’) of (3).) 


Condition 1. A non-singular skew-symmetric matrix Z of order n — 2r + s 
can be constructed. If \ is the identity mapping, it follows from Lemma 2 
that m — 2r + s is even and hence a non-singular, skew-symmetric matrix Z 
exists. If A is not the identity mapping, then for some a € F, a # 4. Hence 
(a — a)/(4 — a) = — 1 € Fo and thus (a — 4)/ is non-singular and skew- 
symmetric. 


Condition 2. lf B is a c.a. of a non-singular, symmetric, diagonal matrix d, 
then J + B is a Pr matrix. First we prove 


Lemma. If the rank of B is r, then the r by r matrix C formed by the inter- 
section of a set of r linearly independent rows of B and of r linearly independent 
columns of B is non-singular. 
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Proof. For convenience, we shall assume that C is in the upper-left-hand 


corner of B. Let 
Cs 
ain E AI 


Since the rows [CD] of B are linearly independent and are r in number, the 
rows [EF] are linear combinations of them. Thus, there exists a matrix M 
such that E = MC, F = MD. Similarly, D = CN, F = EN = MCN for some 
N. Thus, 


and hence C is non-singular. 


Proof of Condition 2. Since B is a c.a. of d, 1+ B = d“' (I + (B*)-')d 
and hence, if any set of rows of J + B are linearly independent, the same 
set of rows of J + (B*)-' are linearly independent and hence the corre- 
sponding set of columns of J + B-' = B-'(I + B) are linearly independent, 


where B is the conjugate of B, that is, if B = (b,,) then B = (6,,). Conse- 
quently, the corresponding set of columns of J + B are linearly independent. 
By the above lemma, the principal submatrix of J + B determined by these 
rows is non-singular. 
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SOME © DIVISION ALGEBRAS 


JOSEPH L. ZEMMER 


Introduction. Let K* be an associative algebra over a field / with identity 
u, and let u, e:, é:,..., be a basis for K*. Denote by A the linear space, 
over F, spanned by the e;,7 = 1,2,.... Then for x,y in K, xy = au +a, 
where a € K. Define h(x, y) = a and x-y = a. With respect to the operation 
- thus defined, K becomes an algebra over F satisfying 


(I (x-y)-2 — x-(y-z) = h(y, 2z)x —h(x, y)z. 


Further, the bilinear form h(x, y) is associative on K. Any algebra, over a 
field F, which possesses an associative bilinear form h(x, y) and satisfies (1) 
will be called a @ algebra. It is not difficult to show that any @ algebra K 
can be obtained from a unique associative algebra K* with identity by the 
process described above. The algebra K* will be called the associated associative 
algebra of K. 

A well-known example of a © algebra is the Lie algebra of the Euclidean 
three-dimensional rotation group (obtained from the real quaternions, with a 
suitable basis, by the process described above). This paper is concerned with 
the existence of @ division algebras which are not associative (every associa- 
tive algebra is obviously a @ algebra). It will be shown that several non- 
associative division algebras which appear in the literature are isotopes of G 
division algebras. The observation that a certain three-dimensional division 
algebra of Dickson (3) is an isotope of a © division algebra leads to the con- 
struction of a new central division algebra of dimension nine. This is the 
main result. 

It is apparent from the process, described above, for obtaining © algebras 
that two non-equivalent @ algebras may have equivalent associated associative 
algebras. It can be shown that if K and L are G algebras then A™* is equivalent 
to L* if and only if there exist a one to one linear mapping T of K onto L 
and a linear functional f on K such that 


(xoy)T = f(x) (yT) + f(y) (xT) + xT * yT 
holds for all x, yin K, where o, « are the multiplications in K and L respectively. 


Two algebras related in this way are said to be pseudo-equivalent. 


1. A necessary condition. Theorem 1 gives a necessary condition for a 
division algebra. It seems appropriate to include Theorem 2, since all of 
the algebras described in §2 satisfy its hypotheses. 








Received November 18, 1957. This research was supported by the National Science 
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The following lemmas are used in the proof of Theorem 1. 


LemMA 1. Let A be an associative algebra of (finite) dimension n > 2 over a 
field F. If A contains no proper right ideals then A is a division algebra. 


Proof. Suppose A is not a division algebra. Then there exist in A elements 
a # 0 # b such that ad = 0. Let B = {x € A ax = 0}. 

Clearly B is a right ideal and B ~ 0, hence B = A. Thus ax = 0 for all x 
in A. But then the linear subspace spanned by a is a right ideal of dimension 
one. This contradiction proves the lemma. 

The proof of the following lemma is obtained by a simple computation and 
is omitted. 


LEMMA 2. Let K be a © algebra over a field F with bilinear form h(x, y), and 


K* the set of all pairs (t,x), & € F,x € K. If addition and multiplication are 
defined for K* by 


(€&,x) + (on, y) = (Et+nx+ 9), 
(E,x)-(n, vy) = (én + A(x, y), Ey + nx + xy), 


then K* is an associative algebra isomorphic to the associated algebra of K. 


LEMMA 3. Let K be a & division algebra of dimension n > 2 over F and K* 
the associated associative algebra. If B* is a proper right (left) ideal in K* then 
the dimension of B* is either n or 1. Further, K* contains at most one right (left) 
ideal of dimension n and at most one of dimension |. 


Proof. Let e,...,¢, be a basis for K. Then, by Lemma 2, (1,0), (0, ¢:), 
..., (0, &) is a basis for K*. If B* is a proper right ideal then it has a basis 
(ar, fr), (a2, fo),..-, (a,,f2), where t < n. Suppose all of the a; = 0, then, 


(0, f:)(0,a) = (h(fi, a), fa) = (0, yx rus) 
j=l 


fori = 1,...,¢, and all a in K. Thus the subspace of K spanned by the f; 
is a right ideal in K. It follows that ¢ = n, and incidentally that K is associa- 
tive. If ¢ < m then not all of the a, = 0. Without loss of generality suppose 
that a, = 1, then (1, g:), (0, ge),..., (0, g:) is a basis for B*, where g; = fi, 
gi =f, — afi, i = 2,...,¢t. Since ¢ < m there is an x in K independent of 
RS swig g:. Suppose ¢ > 1, and let z be the solution in K of the equation goz = 
x. Clearly (0, ge) (0,2) = (h(ge, z), x) is an element of B*. Thus 


t 


x= > Miki, 


' 


contrary to the choice of x. Hence ¢ = 1, and this completes the first part of 
the lemma. 


If K* has two right ideals of dimension 1, say B*,; and B*, then the sum 
B*, + B*, is a right ideal of dimension 2, which is not possible since m > 2. 
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Further, if K* has two right ideals of dimension n, say C*; and C*, then since 
Cc*, + C*,. = K* it follows that the right ideal C*, (\ C*; has dimension 
n — 1. Again this is impossible since m > 2. This completes the proof of the 
lemma. 


LemMMA 4. With K and K* defined as in Lemma 3 let B* be a right ideal of 
dimension n in K*. If C* is a proper right ideal in B* then C* is a two-sided 
ideal in K*. 


Proof. First note that any right ideal in B* is a right ideal in K*. Thus, 
since C* has dimension < 2, it follows from Lemma 3 that the dimension of 
C* is 1. Let v*, w*s,...,w,* be a basis for B*, where v* is a basis for C*. 
Since n > 2 there is a 5* in B*, b* ¢ C* such that v*d* = 0. Let Z* = {2* € B* 
v*z* = 0}, then Z* is a right ideal in B* and hence in K*. Clearly Z* # 0, 
Z* # K*, and hence by Lemma 3 has dimension | or n. Now, since 6* € 2%, 
b* ¢ C*, Z* # C*. Thus, by Lemma 3, Z* does not have dimension 1. It follows 
that Z* = B* or v*x* = 0 for all x* in B*. Consider now the left ideal K* v* 
of K*. Any element a* in K* can be written a* = al* + a*,, where a*, € B*. 
Thus, v*a* = av* or (K*v*) a* C K*v* and hence K*v* is a two-sided ideal in 
K*. Clearly, C* C K*v* and K*v* # K*, for otherwise there is an a* in K* 
such that a*v* = 1* or 6* = a*v*b* = 0, a contradiction. Thus, by Lemma 3, 
K*y* is either C* or B*. Suppose K*v* = B*, then B*-B* = K*y*B* = 0. But 
this implies that K contains divisors of zero, a contradiction. Thus, C* = K*v* 
is a two-sided ideal in K*. 


THEOREM |. Jf K is a G division algebra of (finite) dimension n > 2 over a 
field F and K* the associated associative algebra then either K* is a division 
algebra or K* = F u* @A* where A* is a division algebra. In the latter case K 
is pseudo-equivalent to A*. 


Proof. Suppose first that K* contains no right ideals of dimension n. Let 
C* be a right ideal of dimension 1 with basis v*. Clearly there exists a y* ¢ C* 
such that v*y* = 0. Let Z* = {2* € K*\v*z* = 0}, then Z* is a right ideal in 
K*. Further, Z* # C*, Z* # 0, Z* # K*, and hence by Lemma 3 has dimen- 
sion m contrary to the assumption that K* contains no right ideals of dimension 
n. Thus, in this case, K* is a division algebra. 

Suppose next that K* is not a division algebra and hence contains exactly 
one right ideal A* of dimension n. It will be shown that A* is a division algebra. 
Thus, suppose that A* contains a proper right ideal C*. By Lemma 3 the dimen- 
sion of C* is 1. Let (a, f1), (ae, fe), ... , (an, fp) be a basis for A* where (a, f;) 
is a basis for C*. As ii the proof of Lemma 4, (a:, fi) (é, x) = (0,0) for all 
(§,x) in A*. Further, since (a;, f:)? = (0,0), it follows that a, # 0. Hence 
A* has a basis (1,f), (0, g2),..., (0, g,) where (1,f) is a basis for C* and 
f, g2,..., 2, span K. Now, by Lemma 4, C* is a two-sided ideal in A*. Thus, 
since A* contains no proper right ideals other than C*, it follows that A*/C* 
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contains no proper right ideals. Hence by Lemma | A*/C* is a division algebra, 
and has a basis 


[(O, ge) + C*],...,[(0, 2.) + C*]. 
Clearly A*/C* has an identity, say, [(0, e) + C*], and hence 
[(0, e) + C*]-[(0, x) + C*] = [(0, x) + C*] 


for all [(0,x) + C*] in A*/C*. Thus, (A(e, x), e-x) = (0,x) + n(1,f), or ex 
= x + nf for all x in the subspace of K spanned by go, ... , g,. Since n > 2, 
eg: = gi t+ nif, (t = 2,3), or ey = y, where 


y = no ‘ge — ns gs ¥ O. 


But, (1, f) (0, y) = (0,0) or y + fy = 0, whence (—/f)y = y. Thus, e + f = 0 
contrary to the linear independence of f, go, .. . , g, over F. This proves that 
A* contains no proper right ideals and hence, by Lemma 1, is a division algebra 
If e* is the identity in A* and 1* the identity in K*, then u* = 1* — e* isa 
non-zero idempotent orthogonal to every element of A* and u*, e*, e*» e* 


2s ’ n 


is a basis for K* where e*, e*»,.. . , e*, isa basis for A*. Thus, K* = Fu* @ A*. 
Since 1*, e*, e*2,..., e*, is also a basis for K*, it follows that K is pseudo 
equivalent to A*. 

In connection with Theorem | there are two open questions: (i) Is the theo- 
rem true when the dimension of K over F is not finite? (ii) Are there any @ 
division algebras K for which K* is a division algebra? This second question 
indicates that all of the examples of @ division algebras described in this 
paper are pseudo-equivalent images of associative division algebras. With 
this in mind the next theorem is proved. 


THEOREM 2. Let A be an associative division algebra of dimension >2 over a 
field F and f(x) a non-trivial linear mapping of A into F, with f(1) = a # —1, 
—}. Let A(o) be the pseudo-equivalent image of A with multiplication defined 
by xoy = f(x)y + f(y)x + xy. The isotope A(*) of A(o) defined by x*y = 
xU-' oy U-', where U is the non-singular linear transformation x — xol, is 
central over F. 


Proof. \t follows from the restriction f(1) = a # —1, —} (in case the 
characteristic of F is 2, f(1) # 1 is the requirement) that the linear trans- 
formation U is non-singular. Let y = (2a + 1)~', and then a simple compu- 


tation shows that the product x * y in terms of the multiplication xy in A is 
given by 


(2) xe*ey = (a + 1)? [xy + ay(f(x)y + fly)x) — vf (x)f(y)]. 


Note that lol = (2a + 1) is the identity for A (s). 
Suppose first that a = 0. Then (2) becomes 


xey = xy — f(x)f(y), 
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and the proof that A (#) is central can be found in Albert (1, p. 298). Albert's 
proof is given for an algebra A of finite dimension > 2 over a field F of 
characteristic 2, but it is easily seen to be valid in this more general case. 

To complete the proof, suppose a # 0, and let c be any element in the 
centre of A(#). Since the dimension of A(*) > 2, there exists an x # 0 with 
f(x) = f(cx) = 0. Clearly there exists a basis 1, {e2} for A with f(e.) = 0 for 
all a. Then, since A is a division algebra, x, {x e.} is also a basis for A. 
Suppose that f(xy) = 0 for all y in A. Then f(xe,.) = 0 for all a, and hence, 
since f(x) = 0, it follows that f(z) = 0 for all z in A, a contradiction. Thus, 
there exists a y such that f(xy) # 0. With this choice for c, x, y equate (c # x) * 
y and c * (x * y) to obtain ayf(xy)c = yf(c)f(xy). This implies that c = a~'f(c) 
is a scalar multiple of the identity in A (#). 


2. Some © division algebras. Each of the five division algebras described 
below is obtained in the following way: start with an associative division 
algebra A over a field F and let A(o) be the pseudo-equivalent algebra with 
multiplication defined by xoy = f(x)y + f(y)x + xy for a suitable linear 
functional f(x) defined on A. Denote by U the linear transformation of A 
defined by xU = xol (1 the identity in A), and let A(#*) be the isotope of 
A(o) defined by x*#y = x U~'oy U-. In the following examples A and 
f(x) will be chosen so that A (o) is a division algebra (without identity) and 
hence (*) a division algebra with identity lol = 1 + 2f(1). It follows from 
Theorem 2 that each A (*) is central. The algebras numbered (ii) and (v) appear 
to be new. References are given for the other three. The following lemma will 
be used in the construction of each of the five algebras. 


LEMMA 5. Let A be an associative division algebra and A(o) the pseudo-equi- 
valent image with multiplication xoy = f(x)y + f(y)x + xy, where f(1) ¥ —1. 
If A(o) contains proper divisors of zero then there exist x, y in A(o) with f(x) = 
f(y) = 1 such that xoy = 0. 


Proof. Choose x’ # 0 # y’ so that x’oy’ = 0. Clearly f(x’), f(y’) cannot 
both be zero. Suppose f(x’) = 0, then f(y’)x’ + x’y’ = 0, or x’(f(y’) + y’) = 0. 
This implies y’ = —f(y’), f(y’) = —f(y’) f(1), or f(1) = —1, a contradiction. 
Thus f(x’) # 0 and similarly f(y’) # 0. Let x = [f(x’)]~'x’, »y = [f(y’)]~"y’ so 
that f(x) = f(y) = 1. Clearly xoy = 0. 

(i) Let F be an ordered field and A a quaternion division algebra over F 
in which the norm N(x) = #x = x# is a positive definite quadratic form. 
Let f(x) = x + Zand A (o) the pseudo-equivalent image described in Lemma 
5. Since f(1) = 2 # —1,.it follows from Lemma 5 that either A (0) is a division 
algebra or xoy = 0 for some x, y with f(x) = f(y) = 1. The latter assumption 
implies (1 + x)(1 + y) = 1. Further, f(1 + x) = f(1+y) =3, so that 
N(1 + x) > 9/4, V(1 + y) > 9/4. Hence 


1= N[((1+-x)(1+ y)] = VU +x)-N(1 + y) > 81/16, 
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a contradiction. Thus A (0) is a division algebra. The isotope A (*), described 
at the beginning of this section, closely resembles one of the quasigroup 
division algebras obtained by Bruck (2, p. 179) using the four group. 

(ii) Let F be a field of characteristic # 2, 3, and F(x) the field obtained 
by adjoining a single indeterminate. Any element r(x)/q(x), where r and gq 
are relatively prime polynomials, may be written in the form 


Pusat 


q’ 


i) 


where deg p < deg g or p = 0. 


Define 
r 
- } = £(0), 
1(t) = 


the constant term of the polynomial ¢(x) and note that 


r45(£) 


is a linear mapping of F(x) onto F, with f(1) = 1. With this linear functional 
and A = F(x), define A(o) as in Lemma 5. Since f(1) = 1 ¥ —1, it follows 
from Lemma 5 that if A(o) has proper divisors of zero then aob = 0 for some 
a,b € A with f(a) = f(b) = 1. Then (1 +a)(1+ 5) =1 and f(1 +a) 
= f(1 + 5) = 2. Hence 


btanxge)+2+ 0 at+?. 
But 
1+ 5) = (1 4a. —i_ 
(1 + 6) = (1+a) noe 
and if g(x) # 0, then deg gq < deg(tq + ») which implies f(1 + 5) = 0, a 
contradiction. If g(x) = 0, then 


and f(1 + 5) = 3. But 2 = 4 implies 3 = 0, a contradiction. Thus, A(o 
contains no proper divisors of zero. 

To see that the equation aoy = b, 0 # a, b € A(o), has a solution, first 
suppose f(a) = 0. A simple computation shows that y = b/a — 4[f(b/a)] is 
a solution. If f(a) # 0 it may be assumed that f(a) = 1. Then a ¥ —1 so 
that a(1 + a)—' exists. Let 

a = xg(x) +142 =242, 
q q 
then 


l > 
ong 4042-52 


and 





S| 


0) 
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ee Se 
l+a (1+t)¢+)° 


a) _ Ji, g(x) #0, 
v=J(; 2) = U4, g(x) = 0. 


In either case y * —1, so that (1 + y)~' exists in F. A simple computation 
shows that 





7 {6 ) 
_ ee At - 
at l+a 


is a solution of the equation aoy = 6. Since A (o) is commutative and contains 
no divisors of zero it follows that A(o) is a division algebra. The isotope 
A(#), as defined above, has an identity lol = 3. 

(iii) Let F be a field of characteristic two such that there exists a purely 
inseparable extension field A of dimension 2’ > 2 and degree 2 over F. Let 
x — f(x) be any non trivial linear mapping of A into F such that f(1) = 0, 
and define A (o) as in Lemma 5. Suppose A (0) is not a division algebra. Then, 
by Lemma 5, A(o) contains x, y with f(x) = f(y) = 1 and xoy = 0, that is, 


(3) x+t+yt+ux-y = 0. 


From (3) it follows that f(xy) = f(x) + f(y) =1+1=0. Multiply (3 
on the left by x, and note that x* = a € F, to obtain 


(4) a+xy+ay = 0. 
From (4) it follows that 
a = flay) = f(a+ xy + ay) = f(0) = 0, 


a contradiction. Thus A(o) is a division algebra. In this example xU = xol 
= f(x) + x, xU* = x, whence xU~' = f(x) + x and the multiplication x * y 


in A(*) in terms of the multiplication in A is given by 
xey = xUoyU = (f(x) + x)o (f(y) + y) = f(x) fly) + xy. 


The algebra A(*) was constructed by Albert (1) who showed that it is a 
central division algebra, thereby establishing the existence of central com- 
mutative division algebras of degree two and characteristic two. 

For the next two algebras the following lemma will be needed. 


LemMa 6. Let A be an associative division algebra of degree 3 over a field F 
of characteristic # 2. For x € A let X* — r(x) AX®2 + a(x)A — v(x) = O be the 
equation satisfied by x. If r(x) = 1 then r(x") # 1. 


Proof. If r(x) = 1, then x* — x? + a(x)x — v(x) = 0 where v(x) # 0. 
Multiply by —[»(x)]~'x—* to obtain 
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—|v(x)}—! + [v(x)}—' x! — a(x)[v(x)]—'x-? + x? = 0. 
Thus x~' satisfies the equation 


A® — a(x)[v(x)]—! A? + [v(x)]-' A — [v(x)]-'! = O, 


so that r(x~') = a(x)[v(x)]~-'. Suppose r(x~') = 1, then a(x) = v(x) and the 
equation satisfied by x is A* — A? + »(x)A — v(x) = 0. This implies that 
x = 1, whence r(x) = 3 or 1 = 3, a contradiction, since the characteristic of 


F is not 2. Thus r(x~') # 1. 

(iv) Let F be a field of characteristic * 2, which has a cubic extension A. 
With r(x) defined as in Lemma 6, let f(x) = —4[r(x)], and note that f(1) = 
—3/2. With this f(x) define A(o) as in Lemma 5. If A(o) is not a division 
algebra then, by Lemma 5, A(o) contains x and y with f(x) = f(y) = 1 and 
xoy = 0. This implies that (1 + x)(1 + y) = 1. But f(1 + x) = f(1 + y) = 
—4,so that r(1 + x) = r(1 + y) = 1, contrary to Lemma 6 since (1 + y) = 
(1 + x)—'. The isotope A(#*) has an identity lol = —2 and has been studied 
extensively by Dickson (3). 

(v) Let A be a cyclic division algebra of degree 3 over a field F of character- 
istic # 2. As in the preceeding example let f(x) = —4[r(x)], r(x) defined as 
in Lemma 6. Again define A (o) as in Lemma 5. The proof that A (o) is a division 
algebra is the same as the proof above in (iv). The isotope A(#*) contains a 
subalgebra isomorphic to Dickson's algebra of dimension 3 described in 
(iv). 
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A REMARK ON THE ORTHOGONALITY RELATIONS 
IN THE REPRESENTATION THEORY 
OF FINITE GROUPS 


HIROSI NAGAO 


Let G be a finite group of order g, and 
t— (a; (t)) (wu = 1,2,...,k) 


be an absolutely irreducible representation of degree /, over a field of charac 
teristic zero. As is well known, by using Schur’s lemma (1), we can prove 
the following orthogonality relations for the coefficients a, , (t 

) 1 “a 
(1) +B af, (thay: (C°) = by dcib py >. 

eG hy 

It is easy to conclude from (1) the following orthogonality relations for 
characters: 


(2) > x (t)x Ut ty Sued 
ee 
k 

(3) > x” ()x(s) = 8,,.n(t) 
p=! 

where 


x" = > aV (0), 


and 6,., is | or 0 according as ¢t and s are conjugate in G or not, and n(t) is 
the order of the normalizer of ¢. 
(2 


In this short note, we remark that we can conclude (1) from (3) or from 


a special case of (3): 


k 
(3’) D> fax (t) = 1.4. 
pol 
Let us now asume (3’). Setting ¢ = 1 in (3’) we have 
g= 2 fe 
— 
Therefore the number of (u; 7,7) such that | <u <k and 1 < i,j </f, is 


g. Let A be the matrix of degree g with the row index ¢, column index (y; ¢, j 
and (t, (u; 12, 7))-element a, ,™ (ft). 

Let B be the matrix with row index (yu; i, 7), column index ¢ and ((u; 7, 7), ¢ 
element 


Received April 23, 1958. 
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The (t, s)-element in AB is 


a.t.J 


* 
> a?(t) — a (s~*) 


P (ms) —1 (p) -1 © 
= “ai(ts ) = . f,-x (ts ) = 6, 
py g g 2X P 
This shows that AB = E, and hence BA = E. 


Since the ((u; 7%, 7), (v; k, )))-element of BA is 
Je > a) (t) at? (t”), 
£ we 


we have (1). 
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LINEAR TRANSFORMATIONS ON ALGEBRAS 
OF MATRICES 


MARVIN MARCUS anp B. N. MOYLS 


1. Introduction. Let M, denote the algebra of n-square matrices over the 
complex numbers; and let U,, H,, and R, denote respectively the unimodular 
group, the set of Hermitian matrices, and the set of matrices of rank k, in 
M,. Let ev(A) be the set of m eigenvalues of A counting multiplicities. We 
consider the problem of determining the structure of any linear transforma- 
tion (I.t.) T of M, into M, having one or more of the following properties: 

(a) T(R.) CR, for k= 1,...,%. 

(b) 7(U,) C U, 

(c) det 7(A) = det A for all A € H,. 

(d) ev(T(A)) = ev(A) for all A € H,,. 
We remark that we are not in general assuming that 7 is a multiplicative 
homomorphism; more precisely, 7 is a mapping of M, into itself, satisfying 


T(aA + 6B) = aT(A) + b7T(B) 
for all A, B in M, and all complex numbers a, 6. 


We shall show first that if 7 satisfies property (a), then there exist non- 
singular matrices U and V such that either 


T(A) = UAV 
or 
T(A) = UA'V, 
for all A € M,, where A’ is the transpose of A. We shall then show that any 


T satisfying (b), (c), or (d) must in turn satisfy (a), and determine the 
additional restrictions on U and V required in these cases. 


2. Rank Preservers. In this section we shall characterize all linear trans- 
formations of M, which preserve rank. To this end it is convenient to consider 
each matrix of M, as an n?-vector, and to represent the |.t.7 as an m* X n? 
matrix. 


Ti T 2 *_* * rn 


Ta a on lon 
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where each 7',, is an m-square matrix. If v,(A) denotes the jth column of A, 


then JT maps A = (0:(A), 02(A),..., v,(A)) into the matrix 
n n 
(x T,0(A),..., p> T.wi(A)) 
= r 
Let p(A) denote the rank of A. If 7 preserves rank, 7(x,0,...,0) = (Tix 
., Zy4:*) has rank 1 for any non-zero vector x where 0 is the zero vector. 
We shall call m m-square matrices A;,..., - 1,, collinear if, for every non- 
zero n-vector Xx, 
ee 1%) = 1. 
LemMA 1. Jf Ai,...,. 1,, are collinear, there exist non-zero vectors 2,,...,2 
such that 
(2) vj(Ay) = Ryys;, Ot 8 vce MEE @ Bs ose 


where the k,, are scalars. Moreover, for each j, ky; # 0 for some 1. 


Proof. Let e; denote the unit vector with jth entry equal to 1. Then 
A ye, = v;(A,). The lemma follows from the fact that p(v,(Ai),... , v,(A,)) =1 


LEMMA 2. If the matrices Ai,...,Am are collinear, and 2, 23 are linearly 
independent for some 8 (cf. (2)), then there exists a non-singular matrix A and 
scalars |,, not all zero, such that 


(3) A,=1,A, $= 4, ccesil 


Proof. The matrix (A1(e: + @),..., Am(e1 + es)) = (Riiti + Rist, ... 
RmiZi + RmeZs) has rank 1. For some s, k,; # 0, by Lemma 1. The Grassmann 
products 

(RyiZi + Repts)A (Rati + Rigte) = O, 


fori = 1,...,m. Since 2:A 2, € 0, it follows that ky:kig — Regky = 0, or 
kpk ; 

(4) ky = 2", t=1,...,m. 
Ry, 


Moreover, kg # 0 (otherwise all kig = 0); and (4) holds for all 8 such that 
z, and 2g are independent. 

Suppose now that 2; and 2, are dependent; then 2g and z, are independent. 
By the preceding argument, 


b, = take _ be (tata) = ne fmt, sull 

- Rag Rug Ry Rs : . } 

Thus equations (4) hold for all 1 < 8 < n. It follows that A, = /,A,, i = 1, 
.,m, where 1; = ka/kw. In particular /, = 1. 

The matrix A, cannot be singular, for then p(Aix,..., - 4,x<) = 0 when x 


is an eigenvector of A, corresponding to the eigenvalue 0. 
An immediate consequence of Lemmas | and 2 is 
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LemMA 3. Jf the matrices A,,...,A, are all singular and collinear, then 
there exist scalars k;, and a non-zero vector z such that v,;(A,) = k,,;2, i,j = 1, 
rem 


LemMA 4. Let 7 be a rank preserver on M,. If some block 7.3 in the repre- 
sentation (1) of T is non-singular, then there exist scalars c,, such that 


(5) T1453 = CayT ap: aa 2 eee n. 
Proof. First note that Tig,..., Tyg are collinear. Since Tas is non-singular, 
the vectors 2;,..., z, of Lemma 1 are linearly independent. Hence Ty = cis 
Tas, 1 = as 3 
Suppose 7,, is also non-singular, y # 8. Then Ty, = 1,7.,,i = 1,..., n. 
If 7,, is not a multiple of 7.s, choose a vector x so that 74sx and 7,,x are 
linearly independent; and let X be the matrix with v,(X) = x for j = 8, y, 


and v,(X) = 0 for 7 # 8B, y. Then p(7T(X)) = 1. This implies that 
(T x + Tiyx)A (Tx + Tx) = 0, Sf 7) ae | 
Since TagxA T,,x € 0, 


(6) Copley — leyCig = 0 for all 4, t. 
Let Y be a matrix for which vg( Y) and v,( Y) are independent and 9,(Y) = 0 
for 7 # 8, y. Then p(Y) = 2, while p(7(Y)) < 1 by (6). This contradiction 
shows that 7,, is a multiple of 7ys, and (5) holds for 7,,, i = 1,..., n. 
Finally suppose that 7, is singular for some y and all 1. By Lemma 3 
there exist scalars k,; and a non-zero vector z such that v,(7,) = ky,z. Thus 
T x is a multiple of z for any vector x. Choose y so that Tugy = 2, and choose 
x independeut of y. For the matrix Y above with vg(Y) = y and v,(Y) = x, 


e(Y) = 2, while p(7(Y)) < 1. Hence this case cannot arise. This completes 
the proof of the lemma. 


Not every rank preserver need have a non-singular block in its repre- 
sentation (1). For example, the transformation 7,, which maps each matrix 
onto its transpose, is linear and preserves rank. In its matrix, 7, = E,,, 
where E,, is the matrix with 1 in the i, 7 position and 0’s elsewhere. We have, 
however, the following result. 


LemMA 5. Let T be a rank preserver. If every T;, in the representation (1) is 
singular, then the n® X n® matrix TT, has a non-singular block. 


Proof. By Lemma 3, there exist vectors 2; ,..., 2, such that each column 
of T,, is a multiple of z, for 1,7 = 1,...,m. For any matrix A, v,(T(A)) is 
a linear combination of the columns of the 7,,;. Hence the columns of 7(A) 
are linear combinations of the vectors z, This implies that z,,...,2, are 
linearly independent; for, if not, the columns of 7(A) would be linearly 
dependent, which is not the case when A is non-singular. Denote the blocks 
of TT, by W,,, i,j = 1,...,m. Then 
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Wa = > Takxn, 
t= 


and »%(W,,;) = v,(T%). Thus the kth column of each W,, is a multiple of x. 
Since 77, preserves rank, the blocks Wi;,..., W,, are collinear. The result 
then follows from Lemma 2. 


THEOREM 1. Let T be a |.t. of M, into M,. T is a rank preserver if and only 
if there exist non-singular matrices U and V such that either: 


(7) T(A) = UAV for all A, 
or 
(8) T(A) = UA'V for all A. 

Proof. The sufficiency of the condition is obvious. For the necessity, if the 
representation (1) of JT has a non-singular block 74s, choose U = Tag and 
V = (c,,) in Lemma 4. If T has no non-singular block, define the rank pre- 
server 7; by 72(A’) = T(A). By Lemma 5, 7:2 has a non-singular block; 
hence there exist U and V non-singular such that 7(A) = 72(A’) = UA'V 
for all A. 


3. Determinant Preservers. We shall show that, if a linear transformation 
T of M, maps unimodular matrices into unimodular matrices, it preserves 
determinant; that if it preserves determinant, it preserves rank; and deter- 
mine the appropriate forms of U and V in Theorem 1. 


LemMA 6. /f the |.t. T maps U, into U,, then det T(A) = det A for all 
matrices A. 


Proof. If det A #0, det [A/(det A)!"] = 1; hence det 7(A) = (det A). 
det [J7(A/(det A)'”)] = det A. Now det T(A) is a polynomial in the entries 
a,, of A which is equal to det A for all non-singular A; thus this relation is 
an identity so that det 7(4) = det A for all A. 


LeMMA 7. If T preserves determinant, then T is non-singular and hence onto. 

Proof. Suppose T7(A) = 0; then p(A) < n. There exist non-singular matrices 
M and N such that MAN = I, + 0,_,, where r = p(A), I, is the r X r unit 
matrix, 0,_, is the (m — r) X (m —r) zero matrix and + denotes the direct 
sum. For any X, [det (MAN + X)]/det MN = det (A + M“XN-) = 
det T(A + M1XN-"') = det T(M"XN-") = det M"X N-. Hence det (MAN 
+ X) = det X. Set X = 0, + J,_,. Then det (MAN + X) = 1, while det X 
= 0 unless r = 0. Hence A = 0. 


LemMA 8. If T preserves determinant, then T preserves rank. 


Proof. Let A be an arbitrary matrix. There exist non-singular matrices 
M,, Ni, Mz, Nz, such that M,AN, = Y; = | + = and M.T(A No = Y; 
= I,+0,_, where r = o(A) and s = p(T(A)). Define a mapping ¢ of M, by: 


(X) = M2T(My'XN,")N2. 
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LINEAR TRANSFORMATIONS 


Then @ is linear with the property: det ¢(X) = k det X, where 
k = det (M2M;“°Ny"N3); 


also @(Y,;) = Y2. Set Y; = O, + I,—r- For any scalar A, det (AY; + Y3) = AX’. 
On the other hand, det ¢(AY, + Y3) = det (AY2 + $(Ys)) = p(A), a poly- 
nomial in A of degrees < s. Since p(A) = kX’, k # 0, identically in X, it follows 
that r < s, and p(A) < p(T(A)). 

By Lemma 7, 7~' exists; moreover, since 7 preserves determinant, det B 
= det (TT-'(B)) = det 7—'(B) for all B in M,. Thus 7 preserves deter- 
minant, and p(7(A)) < p(T-'T(A)) = p(A). Therefore p(A) = p(T(A)). 


THEOREM 2. Let T be a 1.t. of M,. The following conditions are equivalent: 
(i) T maps U, into U,. 
(ii) 7 preserves determinant. 
(iii) There exist unimodular matrices U and V such that either (7) or (8) 
holds. 


Proof. Lemma 6 gives (i) « (ii); (iii) — (1) is obvious. If 7 preserves 
determinant, then by Lemma 8 and Theorem 1, there exist non-singular 
matrices U,; and V,; such that 7(A) = U,AV; or T(A) = U;A'V;. 
Since det T(J) = 1, det U,V; = 1. Choose U = U;/(det U;)'" and 
V = V;/(det V;)'”. Thus (ii) — (iii). 

We shall show in the next section that preservation of determinant for 
Hermitian matrices is also equivalent to conditions (i)—(iii). 


4. Eigenvalue Preservers. 


LemMA 9. Let T be a l.t. of M,. If ev(T(A)) = ev (A) for all Hermitian 
matrices H, then ev(T(A)) = ev(A) for all A in M,,. 


Proof. Note first that if H is Hermitian and satisfies the given condition, 
then tr{{7()]"} = tr{|H™| for m = 1, 2,..., where ér(X) denotes the trace 
of X. For any matrix A there exist Hermitian matrices K, L such that 
A = K +iL. For real a, K + aL is Hermitian and 


(9) iri {T(K + aL)|™} = tr{(K + aL)"}. 


For each m, equation (9) is a polynomial equation in a of degree < m satis- 
fied by all real a. Hence (9) is satisfied by all complex a, and in particular 
by a = i. If the eigenvalues of A and 7(A) are \, and wy, respectively, 
ee n, then 

= n 

are Fal m=1,2,.... 

j=l j=l 
It follows that the corresponding elementary symmetric functions of the A, 
and the uw, are equal, and that ev(7(A)) = ev(A). 
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LemMA 10. lf ev(T(A)) = ev(A) for all A © M,, then T(I) = I, where I 
is the unit matrix of order n. 


Proof. T preserves determinant. Hence, for \ complex and A € M,, 
det(AJ — A) = det(AT(J) — T(A)) = det(AJ — CT(A)), where C = (T(J))—"'. 
Thus ev(7(A)) = ev(A) = ev(CT(A)). Since T is non-singular by Lemma 7, 
T(A) ranges over all of M, as A does. Hence ev(A) = ev(CA) for all A. 
Choose U unitary so that CU = H, where H is positive definite Hermitian. 
Then ev(U) = ev(CU) = ev(HZ), so that U has positive eigenvalues. Hence 
U = 1 and C = H. Since the eigenvalues of C = (7(J))— are all 1, C = J, 
C— = J, and T(J) = I. 


From Lemmas 9 and 10 and Theorem 2 we obtain 


THEOREM 3. Let T be a |.t. of M,. The following conditions are equivalent: 
(i) T preserves eigenvalues for all Hermitian matrices in M,,. 
(ii) T preserves eigenvalues for all matrices in M,,. 


(iii) There exists a unimodular matrix U such that either T(A) = UAU* 


for all A € M or T(A) = UA'U~ for all A € M,. 


THEOREM 4. Let T be a |.t. of M,. If ev(T(H)) = ev(A) and T(A) is Her- 
mitian for all Hermitian H in M,, then the matrix U in Theorem 3 (iii) is 
unitary. 


Proof. T(H) = (T(H))* implies VHU-' = U-"*HU* and U*UH = HU*U. 
for all Hermitian H. It follows easily that U*U = J. 


THEOREM 5. Let T be a |.t. of M,. Then T preserves determinant if and only 
if it preserves determinant for Hermitian matrices. 


Proof. Define ¢(A) = CT(A), where C = (7T(J))~'. If T preserves deter- 
minant for Hermitian H, then det(AJ — H) = det(AT(J) — T(A)) = det 
(AI — @(H)) for all real 4. Hence ev(¢(H)) = ev(H), and by Lemma 9, 
ev(¢(A)) = ev(A) for all A. Thus det A = det (A) = det T(A) for all A. 


Professor N. Jacobson communicated to us the following information while 
this paper was in press: Theorem | was obtained by L. K. Hua (Science Re- 
ports of the National Tsing Hua University, Ser. A, 5 (1948) pp. 150-81) and 
in more general form by H. Jacob (Amer. J. Math., 77 (1955) pp. 177-89). In 
both these papers 7 is assumed non-singular; actually our proof of Theorem 
1 requires only that 7(R,) C R,, for i = 1, 2, m without the assumption that 7 
be non-singular. Also Dieudonné (Archiv. d. Math., / (1948) pp. 282-7) shows 
that if T preserves the cone det A = 0 and 7 is non-singular then T has the 
form indicated in Theorem 2 (iii). Again, our result does not require the 
assumption that 7 be non-singular: this follows if 7 preserves all determinants 
(Lemma 7). 
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ON FREE PRODUCTS OF CYCLIC ROTATION GROUPS 
Tu. J. DEKKER 


We consider the group of rotations in three-dimensional Euclidean space, 
leaving the origin fixed. These rotations are represented by real orthogonal 
third-order matrices with positive determinant. It is known that this rotation 
group contains free non-abelian subgroups of continuous rank (see 1). 

In this paper we shall prove the following conjectures of J. de Groot (1, 
pp. 261-262): 


THEOREM |. 7 wo rotations with equal rotation angles a and with arbitrary but 
different rotation axes are free generators of a free group, if cos a is transcendental. 


THEOREM 2. A free product of at most continuously many cyclic groups can 
be isomorphically represented by a rotation group. 


More precisely: Theorem 2 is a special case of the following conjecture of 
J. de Groot (1, p. 262): A free product of at most continuously many rotation 
groups, each consisting of less than continuously many elements, can be 
isomorphically represented by a rotation group. 

J. Mycielski at Wroclaw informed me that he, with S. Balcerzyk has proved 
a theorem, which includes our Theorem 2 as a special case; moreover, our 
Theorem 1 seems to intersect with a theorem proved by S. Balcerzyk. 


Preliminaries. We define 


l 0 0 cos@é —sin@ 0 
A(a) =| 0 cosa —sina], D(6) = | sin @ cos@ 0 
0 sin @ COs @ 0 0 l 
Letiz, = +1,k, = 1,2,3,... (o = 1,...,5). Furthermore, we assume cos a 


is transcendental. Then we have 


LEMMA: No product P, (s > 1) of the form 
P, = D(@)A“"(a)D(0,)A (a)... A““*(a)D(0,) 
is the identity, if one of the following conditions is satisfied fora = 1,...,8 — 1: 
(a) 0, is not a multiple of wr; 


(b) 0, is not a multiple of 2x and the exponents of A are of alternating sign: 


lest =e te. 


Proof: We use the formulas (k > 0): 


Received September 25, 1957. 
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a 
cos ka = 2” cosa+..., 
's : ot-1 kl 
sinka = sina (2 cos a+...), 
9 2 
sina = 1-— cosa, 
where ... denote terms of lower degree in cosa, So we have 
k 
(1) A‘“*(a)D(@,) = 
cos 6,, — sin 6,, 0 
Ge Sin @,cosa+..., de COSO,cOSa+..., — igGeSiNnat+... 
lee SIN 0, SiRa@ + ..., teGe COSI, Sina +...,g,CcOSat... 
where ... denote terms of lower degree in cos a and sin a and 


qe = (2 cos a)**". 
By induction with respect to o we find that the elements of the matrices 
P, = (p’«%) are polynomials in cosa, multiplied or not by a factor sin a. In 


particular the elements )’32 and p*3; obtain the form (we consider the leading 
terms only, denoting terms of lower degree by ...): 


b's: = i9ge V, cCOSO, Sina +..., 
o r 
P33 = QeV,cosat+.. 


Indeed, for ¢ = 1 we have V,; = 1 and multiplying P, with the matrix (1), 
where ¢ is replaced by o + 1, we find 


1 , ° 

pi: = tee V. COs 8, sin G+ Ge+1 COS 8,41 COS a@ 

+ de Ve COS &* t¢41Ge+1 COS O44, SIN a +... 

= 19419e+19e Ve COS 8,41 COS a SIN & (igip4; COS O, + 1) + 
o+1 . , . . . 
P33) = 16Ge Ve COS O, SIN @* — 19419041 SIN 

+ deVe COS @-Ge4, COSaA+... 

, 2 . 
= GeGe+i Ve COS a(teig4, COSA, +1) +.... 
Hence, 


Vour = de Ve cosa (1 + tgte41 COS 8). 
From this it follows that the coefficient of the leading term of p*;; does not 
vanish if 
1 + totes: COS 0, # O “2S eer s— 1), 


that is, if (a) or (b) holds true. 
Thus since p*;; is a polynomial in cosa and cosa is transcendental, the 


product P, satisfying (a) or (b) obviously is unequal to the identity, by 
which the lemma is proved. 


Proof of Theorem 1. Two rotations with rotation angles a, the axes of which 
intersect under an angle 8, may be represented by the matrices A = A (a) 
and B = D(@)A(a)D(— @). Clearly the theorem is proved if we show that 
A and B generate a free non-abelian group when cos a@ is transcendental and 
# is not a multiple of r. 
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Since all non-trivial products of the elements A*' and B*! have the form 
P, satisfying condition (a), they are not equal to the identity by virtue of 
the lemma, by which the theorem is proved. 


Proof of Theorem 2. J. von Neumann (2) proved that the real numbers x, 
defined by 
= P gir?! " 
x,= > 2 (t > 0) 
n=) 
are algebraically independent over the field of rational numbers. 
We define 


(9 Jo, = 2arctg x, (O<t< 1). 
«/ 9 


la arctg xX; 


Then, according to a theorem of J. de Groot (1), we have: 
The continuously many rotations 


B, = D(¢@,)A(a)D(— ¢,;) (0<t <1) 
are free generators of a free rotation group. 
Let (F) denote the group generated by the rotation /. We shall now prove: 
The group generated by the continuously many rotations 
F,(6,) = BD(6)B- O<t< 1 
is a free product of the cyclic groups (F,(6,)). This obviously implies Theorem 2. 
Consider any non-trivial product 


Fn (6) Fis (Oa) cee FR (bu) 
= D(¢;,)A(a)D(m36,,)A ‘(a)D( on — $,,)A(a)D(m2s,,) . . 
A(a)D(m,b,,)A~'(a)D(— ¢,%). 


We may assume that 
m4 «, Of ) ss 


is not a multiple of 27, for otherwise we have a trivial product. Furthermore, 
the numbers 
Pinar ~ Pte (k = | aoe ¢ =— }) 


are not multiples of 2x by virtue of (2). Thus the product considered has the 
form P:, satisfying condition (b). According to the lemma this product is 
unequal to the identity, by which the theorem is proved. 
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CHARACTERS OF CARTESIAN PRODUCTS 
OF ALGEBRAS 


SETH WARNER 


Introduction. Let R be a commutative ring with identity 1. A character 
of an R-algebra E is a homomorphism from E onto R, regarded as an algebra 
over itself. If (Ea)aea is a family of R-algebras indexed by a set A and if 

E= IT] E,, 
atA 
then for every 8 € A and every character vg of Eg, vg o prs is a character of E 
where prg is the projection homomorphism from E onto Eg. Further if A is 
finite and if the only idempotents of R are 0 and | (equivalently, if R is not 
the direct sum of two proper ideals), it is easy to see that every character of E 
is of this form. In general, it is natural to ask: 
(1) Is every character of 
E=[] E. 
atA 
of the form vg o prs for some B © A, where vg is a character of Eg? 

If each E, is R, E is simply the R-algebra of all R-valued functions with 
domain A; we shall denote this algebra by R%, the set of its characters by 
M(R*), and its identity element by e. Since the only character of the R- 
algebra R is the identity map, (1) becomes for R*: 

(2) Is every character of R* a projection? 

Question (1) appears more general than (2), but we shall see in § 1, as a 
consequence of an extension theorem of Buck, that an affirmative answer 
to (2) implies an affirmative answer to (1). 

Recently, by a measure-theoretic argument, Bialynicki-Birula and Zelazko 
(1) answered (1) in the affirmative if R is an infinite field, if each EZ, has an 
identity, and if A satisfies a certain set-theoretic condition. The author 
obtained his results independently (without the hypothesis that each E 
possess an identity) as corollaries of a density theorem concerning a suitable 
weak uniform structure imposed on the set of characters of R*. These results 
are given in §§ 2 and 3. In §§ 4 and 5 we shall prove that if R is finite and A 
infinite, question (2) has a negative answer, but that if R is a principal 
domain having at least two non-associated extremal elements (for example, 
if R is the integers) and if A satisfies a certain set-theoretic condition, the 


Received March 24, 1958. Research supported by a grant from the National Science Founda- 
tion. The author is grateful to the referee for a felicitous rephrasing of certain proofs and 
especially for suggesting Theorem 6 and the remark following, which resolve a question left 
open by the author. 
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questions have an affirmative answer. These results are applied in the re- 
maining two sections: in § 6 we show that the only compact principal domains 
are the known ones, namely, finite fields and valuation rings of locally com- 
pact fields whose topology is given by a discrete valuation of rank 1; and in 
§ 7 we give conditions on the algebra €(7) of all real-valued continuous func- 
tions on topological space 7 which are both necessary and sufficient for every 
connected component of 7 to be open. 


1. The extension theorem. Buck's extension theorem (5, Theorem 1) 
may be stated in its most general form as follows (as observed in (8, p. 74), 
one of the hypotheses of Buck’s original version is superfluous). 


THEOREM A. Let R be a commutative ring with identity, E an R-algebra, H 
an ideal of E, F an R-algebra with identity. If f is a homomorphism from H 
onto F, there exists a unique homomorphism g from E onto F extending f. 


Consequently, we see that an affirmative answer to question (2) implies 
an affirmative answer to question (1): 


THEOREM 1. Let (Ea)aca be a family of R-algebras indexed by A. If every 
character of R* is a projection, then for every character u of 


E=][] E. 


ata 
there exist 8B © A and a character vg of Eg such that u = vg 0 prs. 


Proof. First, let us assume each E, has an identity e,. The restriction of u 


F= [] Re. 


aeA 


to the subalgebra 


of £ is a character of F since F contains the identity of E. As F is canonically 
isomorphic with R%, it follows from the hypothesis that there exists 8 € A 
such that u(ig(es)) = 1, where ig is the canonical injection map from Eg 
into E. Hence if vg = u o ig, vg is a character of Eg, and u and 0% 0 prs coincide 
on the ideal ig(Es) of E. Therefore, as vg o prg is a character of E, the unique- 
ness part of Buck's theorem ensures u = v3 0 prs. In the general case, let E,* 
be the R-algebra obtained by adjoining an identity to E,. As E, is an ideal 
in E,+, E is an ideal in 
G=[] & 
atA 

By Buck's theorem, there exists a character of G extending u, and an applica- 
tion of the preceding-result completes the proof. 


2. Algebras over fields. Let K be a field equipped with the discrete topology. 
K is then a topological field whose associated uniform structure is the discrete 
uniform structure. Let Ulx<(A) be the weakest uniform structure on A such 
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that each f € K@ is uniformly continuous, let W,(A) be the weakest uniform 
structure on the set }(K4, K) of all K-valued functions on K“% such that 
u — u(f) is uniformly continuous on §(K“, K) for all f € K4, and let Be(A 
be the uniform structure induced on M(K4) by @x(A). As the uniform 
structure of K is complete and separated, W,«(A) is a complete, separated 
uniform structure (4, § 1, Proposition 2, and Theorem 1). A familiar argument 
shows M(K‘“%) is closed: if § is a filter on M(K“%) converging to u € ¥(K4, K) 
and if f,g © K%, then §(fg) — u(fg), Ff) ~ u(f), and F(g) — u(g); for any 
Fe §, Ufg)(F) Sf(F)g(F), so ¥(fg) is the filter base for a filter finer taan 
that generated by §(/)-#(g); hence as §(f)-¥(g) — u(f)u(g), so also F( fg) 
— u(f)u(g), and therefore u(fg) = u(f)u(g). Similarly, wu is linear. §(e) — u(e), 
but as v(e) = 1 for all v€ M(K%), u(e) = 1. Hence u € M(K*). M(K%) is 
therefore a complete separated uniform space. For any finite subset [ of K%, 
let U(T) = [(a, 8) € A X A: f(a) = f(8) for all fe T], V(T) = [(u, v) 
M(K*) X M(K*): u(f) = v(f) for all f € T]. The collection of sets U(T 
[respectively, V(T)] forms a fundamental system of entourages for U,(A) 
respectively, Bx(A)] as T ranges through all finite subsets of K4. For each 
a € A let a“ be the projection f — f(a) on K4. Then a — a* is clearly a uniform 
structure isomorphism from A into M(K*%), and we shall denote by A* the 
image of A under this map. 


THEOREM 2. For any field K, A* is dense in M(K*%). 


Proof. Let u € M(K*%); we shall prove there exists a filter on A* converging 
to u. Let H be the kernel of uw, a proper ideal of K*. For each finite subset 
lr of H let F(T) = [a* € A*: f(a) = O for all f € T). Clearly F(T,) CO F(T?) 
= F(T, U P:), so to prove the sets F(T) form a filter base for a filter § on 
A*, it suffices to prove F(T) ¥ ¢ for all finite subsets [ of H. Suppose F(T) =@ 
for some T = {fi,...,f,} GH; we define g;,..., g, inductively by letting 
gi = e and, for 7 > 1, letting g, be the characteristic function of 


j-1 
E € af 2. fete) (a) = o| ° 


Then if h = 2,"f,g,, 4 © H and, since F(T) = ¢, h(a) # 0 for all a € A. But 
then e = h-(e/h) € H, so H K* which is impossible. Finally, the filter § 


thus defined converges to u: if T = {fi,..., fa} GC K4%, for each j let h, = f, 
— u(f;je; then To = {hy,...,h,.}] CH. F(T) © V(T)(u), for if a* € F(T») 
and if l <j <n, a‘(f;) — u(f,) = a (hy + ul(fje) — ul(f,) = a (hy) = hjla 


= 0, by definition of F(T,). Hence § — u, and the proof is complete. 


Coro.iary 1. Jf K is a field, every character of K* is a projection if and 
only tf Ux«(A) is complete. 


COROLLARY 2. If K is a field, (Ea)aca a@ family of K-algebras indexed by A, 
and if Ux(A) is complete, then for every character v of E = I1,E,q there exist 
8B € A and a character vg of Eg such that v = v3 o prg. 
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3. The theorems of Bialynicki-Birula and Zelazko. An Ulam measure 
on set A is a non-zero, countably additive set-function \, defined on the class 
of all subsets of A, taking on only the values 0 and 1, such that A(X) = 0 
for all finite subsets X of A; an Ulam ultrafilter on A is an ultrafilter U such 
that the intersection of any countable subfamily of Ul is again a member of 
U; a point ultrafilter on A is simply the (Ulam) ultrafilter of all subsets of A 
containing a given point of A. If \ is an Ulam measure, the sets X such that 
\(X) = 1 form an Ulam ultrafilter which is not a point ultrafilter; conversely 
any Ulam ultrafilter which is not a point ultrafilter defines an Ulam measure. 
Thus A admits no Ulam measure if and only if every Ulam ultrafilter on A 
is a point ultrafilter. 

Bialynicki-Birula and Zelazko (1) proved the following results (under the 
additional hypothesis in Theorem B that each E, possessed an identity): 

THEOREM B. Let K be an infinite field, (Ea)aca4 a family of K-algebras indexed 
by a set A which either admits no Ulam measure or has cardinality not greater 
than that of K. Then for every character u of E = U1,Eq, there exist 8 € A and a 
character vg of Eg such that u = vg o prs. 

THEOREM C. Jf K is an infinite field admitting no Ulam measure, then .\ 
admits no Ulam measure if and only if every character of K“ is a projection. 

By Corollary 2 of Theorem 1, to prove Theorem B it suffices to show that 
either of its hypotheses concerning ensures U,(A) is complete. If the car- 
dinality of A is not greater than that of K, there exists a one-to-one function 
g © K*. U({g}) is then the diagonal in A X A, so Ux(A) is the discrete 
uniform structure and hence is complete. Suppose .1 admits no Ulam measure. 
Let § be a Cauchy filter on A and let U be an ultrafilter containing §. U is 
an Ulam ultrafilter: let (A,)n>0 be a sequence of distinct non-zero elements of 
K. If (F,)a>0 is any decreasing sequence of members of U such that fy = A, 
let g(a) = X, for alla © F, — Fass, g(a) = O for alla © F = (\ya0F,, and let 
Ce U be U({g})-small. If CO\ (FP, — Faas) # 6, COV Fass = & by definition 
of g, which is impossible. Hence C C F, so F © U. Thus by hypothesis, as 
every Ulam ultrafilter is a point ultrafilter, there exists 8 © A which is con- 
tained in each member of U. 8 is then an adherent point of the Cauchy filter 
%, so § converges to 8 and the proof is complete. 

To prove Theorem C, it suffices by Theorem B and Corollary | of Theorem 2 
to show that if U,(A) is complete and if every Ulam ultrafilter on K is a point 
ultrafilter, then every Ulam ultrafilter U on A is a point ultrafilter. For each 
fe K4, (LOK :f-"(L) € UJ is clearly an Ulam ultrafilter on A, so there 
exists 4 © K such that f(A) € U. But f~'(A) is U({ f })-small; it follows 
easily that Ul is a Cauchy filter on A and therefore converges. As the topology 
defined by U,(A) is the discrete topology, U is therefore a point ultrafilter 


4. Algebras over finite rings. We next ask for what other commutative 
rings R with identity does question (2) (and therefore question (1)) have an 
essentially affirmative answer. We first consider finite rings. 
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Let R be a finite commutative ring with identity 1. If y and 6 are idem- 
potents in R, we write y > 4 if yd = 4, and obtain thus the usual partial order- 
ing of idempotents; idempotent «¢ is minimal if « ~ 0 and if 6 < « implies 
6 = 0 or 6 = e. Let (€,)1<;<, be the set of all minimal idempotents. Then if 
j#k, €, = 0, and clearly 1 = >°;"e, (for otherwise, as R is finite, idem- 
potent 1 — >°,"e,; > some minimal idempotent not in (€,):<;<,-) Then R is the 
direct sum of ideals (Re,):<j<,, and every idempotent is the sum of a sub- 
family of (€;):<j<, (so there exist exactly 2" idempotents in R). If X is a subset 
of A, let dx © R*4 be its characteristic function. If u is a character of R4, 
u(dx) is then an idempotent in R since ¢x is an idempotent in R%. 


THEOREM 3. Let R be a finite commutative ring with identity, «,..., & 
(nm > 1) tts minimal idempotents, and let © be the class of all ultrafilters on A. 
For each character u of R* and for 1 < j <n, let §,., = (|X CA 


:u(dy) > €,|. 
Then u — (Bui, ---, Sun) 1S @ one-to-one map from M(R*) onto %". Hence 
if A ts finite and has m members, M(R*) has m" members; if A is infinite with 
cardinality %, M(R*) has cardinality exp (exp(®)). 

Proof. §,,; is an ultrafilter: as u(@,) = 1 > €,and u(d) = 0 < «,, A © &, 
and @¢ %u.;; if X, Y€ .,, uldxny) = u(dx)u(dy) > «7 = €,, so XM Y 

uj: 1X € F,., and YDX, dy = oxdy, so u(dx) = u(dx)u(dy), that is, 
u(dy) > u(dx) > €,, and therefore Y € §,,,; finally, if X ¢ ¥,.,, u(dx)e,; = 0 
by minimality of €,, so 


u(da_x)ey = [u(da_x) + uldx) le, = uldaley = €;, 
that is, u(@4-x) > ¢,, and therefore 4 — X € §,.,. Thus §,,, is an ultrafilter. 
Next, suppose §,.; = §,., for 1 < 7 < n. Given subset X of A, 


u\ody) = dle, 7€, 4 u(dx)] = > le, X Bu i] = Dd Ile - 4 Ae j 
= Dle,:€; < v(dx)] = v( dy). 


As R is finite, the functions ¢x generate R*; hence u = v. Thus the map is 


one-to-one. Next, let :,...,%, be any m (not necessarily distinct) ultra 
filters on A, and let | <j < n. As R is finite, for each f € R4% there exists 
one and only one A,,_, © R such that f—'(A,.,) © ¥,. If f, g € R4 and if uw © R, 


there exists 
a © f—(Xy,,) OV og 9) ON Hg) Age) OV Cg Age) OV (uf! (ur. 9) 
since ¥, is a filter. Hence 


Areo.n = U + olla) = fla) + gla) = Ary +A 
Ayo.4 = (fg) (a) = f(a)g(a) = Ay A 


ot 
te 
and 


Nurs = (uf) (a) = ufl(a) = MA ¢, j. 





TT ae 














—— <= 
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u(f) = > Ay. 7€)- 


Then clearly from the above u is linear, and for any f/, g © R%, 


wpe) = (rnd E ree) = EE rere 
j= k=1 =| k=l 
= > Ay. Xo. 9€5 = > Ajo. j€j = Ug). 
j=l j=l 


Also, clearly A,,; = 1. Hence u € M(R*). For any subset X of A, 
l@Wh 


if and only if X € §,, and 


0 = Ay, 


if and only if X ¢§,; therefore u(dx) = Dole, : X © Fy), and so u(@yx) > «,; 
if and only if X € §,. Hence §,.,; = §, for 1 < 7 < n, and therefore the map 
is onto ©". If A is finite with m members, every ultrafilter on .1 is a point 
ultrafilter, and therefore ®* has m" members. Suppose 4 is infinite with 
cardinality &. Then # has cardinality exp (exp(&)) (2, Exercise 14(c), p. 73), 
so M(R*) has cardinality [exp(exp(&))]" = exp(exp(®)). 

We see therefore that the answer to question (2) is in general negative 
if R is finite: 


CorROLLARY. Let R be a finite commutative ring with identity |, | a set containing 
more than one element. Then every character of R* is a projection if and only 
if A ts finite and the only idempotents of R are 0 and |. 


5. Algebras over integral domains. 


THEOREM 4. Let D be an integral domain, K its field of quotients. The following 
two conditions are both necessary and sufficient for every character of the 
D-algebra D4 to be a projection: 

(1) Every character of the K-algebra K“ is a projection; 


(2) For every u © M(D*) and every f © D* such that f(a) # 0 for all a i, 
u(f) # 0. 
Proof. Necessity: if u is a projection of D@ and if f(a) # 0 for alla & A, 


then u(f) # 0; hence (2) is necessary. If (1) does not hold, there exist charac 
ters of K* which are not projections. Then by Corollary | of Theorem 2, 


Ux«(A) is an incomplete uniform structure. Let § be a non-convergent Cauchy 
filter on A for Ux(A). Then for any f € D4, f(®) is a Cauchy filter base in 
D, hence lim f(}) exists and lies in D since D C K is closed and K complete 
Clearly u: f — lim f(%) is a character of D4, and for the characteristic function 
oa of any fa}, a € A, u(d,.) = 0 since ¥ is not convergent. Thus wu is not a 
projection. 
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Sufficiency: let u € M(D*). If f € K4, f is the quotient g/h of functions 
g,h © D* where h(a) # 0 for all a € A, and so by (2) u(h) # 0. It is easy 
to see that if we define v(g/h) to be u(g)/u(h) for all g, 4 € D* such that 
h(a) # 0 for all a € A, then v is a well-defined character of K“ extending u. 
As v is a projection by (1), u is also a projection. 

In discussing principal domains we shall use the terminology and results 
of § 1 of Bourbaki’s A/gébre, chapter 7. Also, we assume as part of the definition 
of compactness that compact spaces are separated. 


THEOREM 5. Let D be a principal domain possessing at least two non-associated 
extremal elements x and a. If A either admits no Ulam measure or has cardinality 
not greater than that of D, every character of D* is a projection. 


Proof. By Theorem 4 and Theorem B, it suffices to prove that if u is a 
character of D4, then u(f) # 0 for every f € D®% satisfying f(a) ¥ 0 for all 
a € A. Define p € D% such that for each a € A, p(a) is the highest power 
of x dividing f(a). Then f = pg with g € D* such that (x, q(a)) = 1 for 
each a € A, and hence there exist g:, g2 © D* such that rg; + qg2 = e. This 
implies wu(gi) + u(g)u(ge) = 1 and therefore u(q) #0 since 7 is not in- 
vertible. Similarly, there exist 4;, h, € D* such that oh; + phe = e, vielding 
u(p) # 0. Therefore u(f) = u(p)u(q) # 0. 

The author is indebted to the referee for the following theorem and remark. 


THEOREM 6. Jf R is a compact commutative ring with identity and if .1 is 
any infinite set, there exist characters of R* which are not projections. 


Proof. Let U be any ultrafilter on A which is not a point ultrafilter. For 
any f € R4, f(U) is an ultrafilter base on R and thus converges. Hence 
f — lim f(Ul) is clearly a character of R4 which is not a projection. 

If D is the ring of p-adic integers for some prime p, D is a compact principal 
domain; if A is a countably infinite set, A admits no Ulam measure but there 
exist characters of D* which are not projections by Theorem 6. Thus the 
condition in Theorem 5 that D have at least two non-associated extremal 
elements cannot be omitted without other restrictions on D. 


6. Compact principal domains. Let K be a field with a discrete valuation 
v of rank 1. Then the valuation ring D = [x € K : v(x) > 0] is a principal 
domain whose field of quotients is K, and P = [x © K : v(x) > 0] is the unique 
maximal ideal of D. If the topology on K defined by v is locally compact 
(equivalently, if K is complete and if the residue class field D/P is finite 
(3, Exercise 24, p. 59)), D is compact. 

Thus finite fields and valuation rings of locally compact fields whose 
topology is given by a discrete valuation of rank | are compact principal 
domains. We now show these are the only compact principal domains. 


os 


THEOREM 7. If D is an infinite compact principal domain, then there exists a 
non-trivial discrete valuation v of rank \ on the field of quotients K of D such that: 
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(1) The topology of K defined by v is locally compact and induces on D its 
given topology. 
(2) D is the valuation ring of K with respect to v. 


Proof. As in the example following Theorem 6, if A is a countably infinite 
set, A admits no Ulam measure but by Theorem 6 there exist characters of 
D4 which are not projections; hence as D is infinite, D is not a field by Theorem 
B, so by Theorem 5 there exists an extremal element p © D such that |p! 
is a representative system of extremal elements. For each non-zero element 
x of K there exist a unique unit u of D and a unique integer m such that 
x = up"; ifx = up", let v(x) = n, and let 0(0) = + o. Clearly v is a discrete 
valuation of rank 1 on K and its valuation ring is D. The topology T, induced 
on D by the topology of K defined by v is separated, and the given topology 
Zt of D is compact. Hence to prove T = Tf, it suffices to show T, is weaker 


than T, that is, for all positive integers nm, U, = [x © D:v(x) > n] is a 
neighbourhood of 0 for I. Let V be a neighbourhood of 0 for T not con- 
taining 1, p, p®,..., p". By (3, Exercise 7, p. 56) there exists a neighbourhood 


W of 0 for T satisfying DW C V. Let x = up* © W.1f Rk <n, p* = u'(up' 

DW C V, a contradiction. Hence k > n, that is, x © U,. Thus WC U 
so T, = ZT. But then D is a compact neighbourhood of 0 for the topology 
of K, so K is locally compact. 


COROLLARY. A compact principal domain is metrizable, totally disconnected, 
and has exactly one maximal ideal. 


7. A topological application. Let 7 be a topological space, €(7) the 
algebra over the real numbers R of all continuous real-valued functions on 
T. We shall apply Theorem B to give necessary and sufficient conditions on 
€(T) for every connected component of 7 to be open. Let us call an algebra 
decomposable if it is the direct sum of two proper ideals, indecomposable other 
wise. The following theorem is well known and easy to prove 


THeoreM 8. T is connected if and only if G(T) is indecomposable. 


Let us call Ulam’s Axiom the assertion that there exist no Ulam measures; 
it is known that Ulam’s Axiom is consistent with the usual axioms of set theory 
(9, pp. 207-8). Let us call an algebra fully decomposable if it is isomorphic 
with the Cartesian product of indecomposable algebras. 


THEOREM 9. Jf every connected component of T is open, &(T) is fully decom- 
posable. Conversely, Ulam's Axiom is equivalent to the following assertion: if T 
is any topological space such that ©(T) is fully decomposable, then every con- 
nected component of T is open. 


Proof. lf (Ta)aca is the family of all connected components of 7 and if 
each T, is open, clearly €(7) is isomorphic with IT,.4 €(7.), and by Theorem 
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8 each €(7,) is indecomposable. To prove the second assertion, we shall 
first prove the following lemma: 


LemMA. Let (Ea)aca be @ family of non-zero algebras over the real numbers R 
indexed by a set A admitting no Ulam measure, and let g be an isomorphism 
from E = MlaecaEg onto ©(T). Then T is the topological sum of a family (Ta)acs 
of subsets, also indexed by A, and for all a€ A pad £0 ia is an isomorphism 
from E, onto ©(T.), where ig is the canonical injection isomorphism from E, 
into E, pa the restriction homomorphism from ©(T) into €(T.). 


Proof. E has an identity e as it is isomorphic with €(7), so for all a € A, 
E. has ¢. = pra(e) as its identity. Then h, = (g 0 ta)(e2) € E(T) is an idem- 
potent, hence the characteristic function of an open-closed set 7, C 7. Now 
a * B implies i,(¢.)-is(e¢s) = 0 and thus ha-hg = 0, that is, 7, (\ Ty = 9. 
Furthermore, for any ¢ € 7, tog isa character of E and hence, by Theorem B, 
t*o g = 020 pra for some a € A and some character », of E. Then h,(t) = t* (ha 


= t"(g(ia(€a))) = (Vad Pra) (ta(€x)) = Ya(€a) = 1 and therefore ¢ € 7,; this shows 
T is the union and hence the topological sum of (Tu)aeca. Next, suppose 
(ps © g 0 t4g)(x) = O for some x € Eg. Then (g 0 ig(x))(t' = (p30 g 0 ig(x)) (t) 


= 0 for t € Ts, whereas for t€ T. # Ts, hg(t) = 0 and hence 
(g 0 tg(x))(t) = (g 0 tg(xeg)) (t) = (2 0 tg(x)) (t)-hg(t) = O; 


this means g o ig(x) = 0 and therefore, as g and ig are isomorphisms, x = 0. 
Hence pg 0 g 0 tg is one-to-one. Finally, pg o g o ig is onto: for any fz € €(75) 
let f © €(T) be the function defined by f(t) = fg(t) if t © Ts, f(t) = 0 other- 
wise. Since f-h. = 0 for any a # 8, we have 


pra(g(f)) = pra(g"(f)) - praliala)) = pra(g'(f) -ial€a)) 
= pra(g'(f)-g-"(ha)) = (praog')(f-ha) = 0 


for a # 8. This implies (% 0 prs)(g~'(f)) = g-'(f) and thus 
(pp © g 0 tg) (pra(g—'(f))) = pa(f) = fs, 


where prs(g~'(f)) © Ez. 

We return now to the proof of the theorem. Let us assume Ulam’s Axiom 
and suppose €(7) is fully decomposable. Then by the lemma, 7 is the topo- 
logical sum of a family (7.)ae4 of subsets, and for alla € A, €(7,) is isomorphic 
with an indecomposable algebra. Hence by Theorem 8 each 7, is connected. 
(Tx)aea is therefore the set of all connected components of 7, and each 7, is 
open. Finally, suppose Ulam’s Axiom is false. Now Ulam’s Axiom is equivalent 
to the assertion that every discrete space S is a Q-space (that is, the weakest 
uniform structure Sg(S) on S for which each f € €(S) is uniformly con- 
tinuous is complete). (Q-spaces are defined and discussed in (7); a summary 
of results about Q-spaces is contained in (6, pp. 351-2), and their relation 
to Ulam’s Axiom is discussed in (9, pp. 206-8).) Therefore there exists a 
discrete space S which is not a Q-space. Let 7 be the completion of S for 
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Ba(S). Then €(7) is isomorphic with €(S), and as S is discrete, €(.S) = R*, 
a fully decomposable algebra. Therefore €(7) is fully decomposable. For any 
s € S, there exists an open set V in 7 such that V‘\S = {s}; then s € V 
= VA\8C(VOS)- = {s}~ = {s}, so {s} is both open and closed in 7. 
Let C be a connected component of 7 containing some point in 7 — S. Then 
by the preceding, s ¢ C for all s © S. Hence C C T — S. But then C cannot 
be open, since S is dense in 7. €(7) is therefore fully decomposable, but not 
every connected component of 7 is open. 


COROLLARY. Assume Ulam's Axiom. A topological space T is locally con- 
nected tf and only if for every open subset G of T, &(G) is fully decomposable 
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F-RINGS OF CONTINUOUS FUNCTIONS I 
BARRON BRAINERD 


1. Introduction. It is well known (2, 4) that the ring of all real (com- 
plex) continuous functions on a compact Hausdorff space can be characterized 
algebraically as a Banach algebra which satisfies certain additional intrinsic 
conditions. It might be expected that rings of all continuous functions on 
other topological spaces also have algebraic characterizations. The main 
purpose of this note is to discuss two such characterizations. In both cases 
the characterizations are given in the terms of the theory of F-rings (1). In 
one case a characterization is given for the ring of all (real) continuous func- 
tions on a generalized P-space, that is, a zero-dimensional topological space in 
which the class of open-closed sets forms a o-algebra. A Hausdorff generalized 
P-space is a P-space in the terminology of (3). In the other case a theorem 
of Sikorski (6) is employed to give a characterization of the ring of all (real) 
continuous functions on an upper N,-compact P-space. A P-space is said 
to be upper Xi-compact if every open covering of the space can be replaced 
by an at most countable subcovering. 

It is remarked in a previous paper (1) that the ring of all (real) continuous 
functions on a P-space is a regular M-ring and hence is the ring of all (Q, §)- 
measurable functions where © is the domain of the continuous function ring 
and § is a certain distinguished o-algebra of subsets of 2. A portion of this 
note is devoted to a characterization of those §’s for which a topology & 
exists such that the ring of all (Q, §)-measurable functions is exactly the ring 
of all real functions on 2 which are continuous under the topology T. 

The notation and definitions of (1) are used here with the exception that 
M (Q, §) is used to denote the regular M-ring of all (Q, §)-measurable func- 
tions. Since the following discussion involves a multiplicity of topologies 
defined on a given abstract space, the notation [Q, T] is used to designate a 
topological space having Q as its set of points and T as its class of open sets. 
C [Q, T] designates the ring of all (real) continuous functions on [Q, T]. When 
there is no ambiguity the shortened forms M(¥) and C[T] are used respectively 
for M (Q, §) and C [Q, TF]. 

If & is an algebra of subsets of some set 2, then 7Y% stands for the class 
of open sets in the topology generated by A, and if [2, T] is a topological 
space, {T stands for the class of all open-closed sets in [Q, T]. If p © Q, then 
M, designates the set {A © A! p ¢ A} which is clearly a maximal ideal of 4. 


Received February 13, 1958. The author wishes to thank B. Banaschewski for his helpful 
discussions of some of the results of this paper. 
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If D is a collection of sets, then (\ D and LU D designate respectively the 
intersection and union of the elements in D. 


2. Generalized P-spaces and c-algebras. Let © be a set which contains 
at least two points and let § be a o-algebra of subsets of Q. If I is a topology 
on 2 such that M(§) is the ring of all continuous functions on [Q, T], then 
5% C T and hence 7§ C fF. It is a matter of direct verification to show that 
in general [Q, 7%] is a generalized P-space and M(¥) C C[7§]. Thus if 
there is a T such that M(¥§) = C[T], then M(¥F) = C[TF] = C[T]. Hence 
the problem of determining those § for which there exists a T such that 
C(=] = M(®) is reduced to the problem of determining those § for which 


C{|T§)] = M(§). 


THEOREM 1. Jf § is a o-algebra of subsets of 2, then the following statements 
are equivalent: 

(i) C[TS] = M(B), 

(ii) S75 = , 

(iii) Jf B is an ideal of § with properties: 
(a) B =F) {M,| M, 2 BY}, 
(b) M, > B= there is a principal ideal &, such that B C Y, C M,, 

then B is principal. 


Proof. (i) = (ii): If A is an open-closed set in the topology 7%, then x, 
is continuous and hence belongs to C[7¥] = M(¥). Thus it is clear that 
A = {p€Q| x4 > 4} belongs to §. Therefore ¢7§ C F. Obviously F C ¢7F. 

(ii) => (iii): If B has property (iiia), then 8 = {A € §| A C D} where 
D = U&%. Indeed, suppose A C D. Then if M, D B, it follows that p ¢ D, 
and therefore Jt, > Bimpliesthat A € M,. ThusA € 11 {M, | M, D Bl =B. 

If B satisfies both (iiia) and (iiib), then $8 is principal. This is proved by 
showing that D is open-closed and then noting that D € %. Let p ¢ D. Then 
M, > B and there is a principal ideal 3, such that 6 C J, C M,. If J, is 
the generator of %,, then p ¢ J, and B C J, for all B € B. Thus D C J, and 
p € 2 — I, € §. Therefore D is open-closed and belongs to §. If D ¢ B, then 
for some I, > B we have p € D which leads to a contradiction because 
M, > B implies p ¢ D. This proves that % is the principal ideal generated 
by D. 

(iii) => (ii): Let D be an open-closed set in the topology 7%. The ideal 
D = {A € §! A C D} satisfies (iiia). Indeed, if A € (\ {M, | M, D D}, then 
> ¢A for all M, D D. Since M, D D is equivalent to p ¢ D, it then follows 
that A € (\{M,| M, D D} implies p ¢ A for all p ¢ D which in turn implies 
ACD. Thus (V1 {M, | M, D> D} = D. 

If p ¢ D, then there is a B € § such that » € B and B/\D = ¢, because 
D is closed. Hence 2 — B > D and the principal ideal 9, generated by 
2 — Bcontains D. Therefore if M, D D, there is a principal ideal Y, such that 
DC 3, C M,. Thus D satisfies (iiib) and D is principal. 
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Now  D = D, because D is open. Since BD is principal, D is its generator: 
hence D € § and § = ¢7%. 

(ii) = (i): Since M(#) C C[T#], statement (i) is established if we show 
that C[7§] © M(%). Suppose g € C[7TF]). Then as in (3, Theorem 5.3), 
gq '(a) = {p € Q2| g(p) = a} is an open set for any real a (because countable 
intersections of sets in 7 belong to 7) and hence 


ipE Ql) alo) <A} = U fae) |a <A} € STH = BF. 


Therefore g € M(§). 

As an example of an § for which C[7}] # M(#), let § be the class of all 
Borel sets on the real line EZ. It is clear that 7§ is the discrete topology on E 
and that C[7T%] is the ring of all real functions on E. 

In Theorem 1 the proof that (ii) = (iii) does not depend on the hypothesis 


that § is an o-algebra. Therefore the following more general result can be 
obtained : 


CorROLuary 1. Let U be an algebra of subsets of 2. Then X satisfies condition 
(ii) af and only if (Q, A) satisfies condition (iii). 

The following corollary, useful in the sequel, is a direct consequence o! 
Theorem 1: 

Coro.uary 2. Jf [Q, E] is a generalized P-space, then C\Q, Z| = M(Q, ¢T). 


Indeed, in a generalized P-space, 7¢T = T and ¢7¢T = ¢T. Hence by 
Theorem 1 the equation C[Q, T] = M(Q, ¢T) is valid. 


3. A maximal ideal theorem. Before consideration of the characteriza- 
tions, a theorem and a corollary concerning maxi:nal ideals are proved. These 
make clear the relationship between the concepts of closed maximal ideal and 
real maximal ideal for regular F-rings. 


THEOREM 3. Let R be a regular F-ring. If a maximal ideal M of R is real, it 
is also closed. 


For definitions of real and closed see (1). In order to prove Theorem 3 the 
following lemma is employed. 


LEMMA 1. Jf {e,} is an orthogonal sequence of idempotents of R such that 
Vaal” €n = 1 and tf {a,} is a sequence of real numbers such that 0 < € < a, for 
all integers n > 1, then Vyas” ane, © R. 

Proof. The element 6 = V,.:° 1/a, e, belongs to R. From the equation 

é, = Veet (1 A mb) = Vest (1 A m (Views en On|, 


we deduce by the distributivity of the lattice operations that é@, = V,.:”e, = 1. 
Hence the regularity of R implies (1, Theorem 2) that 6-' € R. Clearly 


Cm = 6D em = (Veni Ce/Ctn) 67 ' Cm = Cy/ Oty =", 
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SO a@,¢, = be for nm > 1. Therefore, since b-' = (V,21° e,) b=! = Vaei” (e,67°), 
it follows that 6-' = V,21° ane. 


Proof of Theorem 3. Suppose M is not closed. Then there is a sequence 
\e,} of orthogonal idempotents such that V,.:” ¢, = 1 and e, € M for each 
integer m > 1. Indeed, there is a sequence {d,} of elements of Pt, such that 
b, > 0 for all integers m > 1 and b = V,.:” 5, € R while 6 ¢ M. Since 


Vii Son = Vamsi Vinwi [1 A mbd,] = Viwi[l A m Vani d] = & 


and since x € M if and only if @ € M, it follows that @ does not belong 
to M. Therefore eo = 1 — & € Me. Let 


en = [€o V (Vinmt 2om)] A {1 — [eo V (Vinni Son) )} 


for nm > 1. Then it can be shown that {éo, e:,...} is an orthogonal sequence 
of idempotents such that V,.0° e, = 1, while e, € M for each integer n > 0. 

If {e,} is a sequence of orthogonal idempotents in J? such that V,.0” e, = 1, 
then by Lemma 1, d = V,.0° (m + 1) e, belongs to R and has an inverse 
d-' € R. If mis a natural number, then 


m—1 


d—m-1= ) (n + 1 — m) e, + Viem(n + 1 — mie, 


n=() 
belongs to R. Since >>,.0"-'(m + 1 — m)e, belongs to M for all m > 1, it 
follows that the non-negative element V,~,,°(” + 1 — m)e, and the element 
d — m-1 have the same image under the natural homomorphism of R onto 
R — M. This homomorphism preserves order, and hence d(M) — m-1 > 0 for 
all choices of m > 1. Therefore R — I cannot be the real field. 


Coro.Luary. If R is a regular F-ring, then a maximal ideal is real if and 
only if it is closed. 


Proof. This follows from Theorem 3 and (1, Theorem 5). 


4. Characterizations. In this section, when R is a regular F-ring B(R) 
is used to designate the collection of idempotents of R. It is shown in (1) that 
B(R) is a oe-complete Boolean algebra with respect to the lattice operations 
of R. 

Let G be either a regular F-ring or a o-complete Boolean algebra, and let 
Q stand for the class of all closed maximal ideals of G. Consider the following 
conditions: 

(a) If B is an ideal of G of the form 8 = (/\ {M € Q2| M D YB} and if for 
each I € Q such that Pt D B there exists a principal ideal which satisfies 
the relation 8 C 3 C M, then B is a principal ideal. 

(8) Every proper closed ideal of G is a subset of some closed maximal 
ideal of G. 


LemMaA 2. Let R be a regular F-ring. The ideal lattices of R and B(R) are 
isomorphic (under J — J (\ B(R) and its inverse J — RJ) such that principal 
ideals correspond to principal ideals and closed ideals to closed ideals. 
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Proof. The isomorphism of the ideal lattices and the result that principal 
ideals correspond to principal ideals are trivial consequences of (5, Theorem 
5). It remains only to prove that closed ideals correspond to closed ideals. An 
ideal Q of R is closed if and only if for a sequence {f,} of non-negative elements 
of Q, the existence of f = V,.:° f, in R implies f € Q. Suppose J is a closed 
ideal of B(R). If {f,} is a sequence of non-negative elements of RJ, then 


é,€ J, n> i, 
and hence 

Vani é,, € J. 
if f = V,=1” f, exists in R, then as in the proof of Theorem 3 it can be shown 
that 

&y = Vim 2, 
Hence é,; € J and f = fé; € RJ. Therefore RJ is also closed. If Q is a closed 
ideal of R, then trivially Q (\ B(R) is a closed ideal of B(R). 


The following useful corollary is an immediate consequence of Lemma 2 


CoroLiary. If R is a regular F-ring, then R satisfies condition a(8) if and 
only if B(R) satisfies condition a(B). 


It is now possible to characterize the ring of all continuous (real) functions 
on a generalized P-space. 


THEOREM 4. A regular F-ring R is isomorphic to the ring of all continuous 
functions on a generalized P-space if and only if R is an M-ring which satisfies 
condition «a. 


Proof. Let R be an M-ring which satisfies condition a. From Theorems 7 
and 8 of (3) it follows that there is a correspondence ¢:x — £ which maps x 
onto a real function £ defined on 2. At each Jt € Q the value of # is the image 
of x under the homomorphism with kernel J. This correspondence ¢ is an 
isomorphism of R onto an M-ring M(Q, §), and under it the Boolean algebra 
B(R) is mapped isomorphically onto the set of characteristic functions of 
elements in the o-algebra §. In addition B(R) = § under the correspondence 
x— {M € Q| K(M) = 1}, [@, TF] is a generalized P-space (in particular 
since [Q, 7] is Hausdorff it is a P-space), and finally the ideal lattices of R 
and B(R) are isomorphic (Lemma 2). Therefore if R satisfies a, then § satis- 
fies a also and from Theorem 1 it follows that M(Q, ¥) = C[Q, 7}. 

Conversely, if [Q*, T] is a generalized P-space, then (Corollary 2, Theorem 
1) C{a*, T] = M(Q*, ¢T). Therefore C[Q*, T] is an M-ring and the o-algebra 
fT satisfies condition (iii) of Theorem 1. Suppose $ is an ideal of ¢T which 
satisfies the hypothesis of condition a. Let B* = {M, | p € OF, M, D BI. 
Clearly 8 C B* and hence B = UV 8 C B* = /B*. Since p ¢ B if and only 
if M, D> Band p ¢ B® if and only if M, D B*, it follows that B = B*. Sup- 
pose A € B* — M. Then there is a closed maximal ideal M such that A ¢ M 
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and Yt > B. There is a principal ideal & with generator J such that MD 3 
> %. Hence J > B DA. This contradicts the statement A ¢ 9; therefore 
B* = B. From Theorem | it follows that % is principal and hence ¢T satisfies 
condition a. Therefore both B(C{Q*, T]) and C[Q*, T] satisfy condition a. 

For the characterization of the ring of all continuous functions on an upper 
X.-compact P-space the following theorem is employed. 


THEOREM 5 (Sikorski). Jf Q is the set of all closed maximal ideals of a o-com- 
plete Boolean algebra B, then the following statements are equivalent: 
(i) There exists a topology I on Q such that the correspondence 


a {IME QN\a gM} 


is an isomorphism of B onto the a-algebra of open-closed subsets of the upper 
Xi-compact P-space [Q, T}. 
(ii) B satisfies condition 8. 


This theorem is a restatement of (6, Theorem xviii) in terms of the sym- 
bolism of the present paper. 
The following theorem constitutes the characterization. 


THEOREM 6. Let R be a regular F-ring. A necessary and sufficient condition 
for R to be isomorphic to C{|Q, T| for some upper N,-compact P-space |Q, T] is 
that R satisfy condition B. 


Proof. Assume & satisfies 6. Since principal ideals of R are closed, every 
principal ideal is a subset of a closed maximal ideal. Therefore R is an M-ring. 
In addition (see proof of Theorem 4 and (3, Theorems 7 and 8)), R is iso- 
morphic to M(Q, §) where the isomorphism maps B(R) onto the o-algebra of 
characteristic functions on § and § & B(R). Therefore (Lemma 2) § satisfies 8 
and since closed maximal ideals of § aré of the form Mt, for p € Q@ we deduce 
from Theorem 5 that § is the class of open-closed sets for an upper X,-compact 
P-topology T on 2. Thus § = ¢T and from Corollary 2, Theorem 1 it follows 
that C[Q, T] = M(Q, §) = R. 

Assume [0*, T] is an upper Xi-compact P-space. The upper X,-compactness 
implies that each closed maximal ideal of ¢T is fixed. Therefore (Theorem 5) 
the c-algebra ¢T satisfies condition 8; hence M(Q, ¢T) satisfies 8 as well. Finally 
by Corollary 2, Theorem 1 we have C[Q, T] = M(Q, ¢T) 














86 BARRON BRAINERD 


REFERENCES 


1. B. Brainerd, On a class of lattice-ordered rings, Proc. Amer. Math. Soc., 8 (1957), 673-83. 
2. I. Gelfand, Normierte Ringe, Rec. Math. (Mat. Sbornik) N.S., 9, 51 (1941), 3-24. 
3. L. Gillman and M. Henriksen, Concerning rings of continuous functions, Trans. Amer 
Math. Soc., 77 (1954), 340-62. 
=. Hewitt, Rings of real-valued continuous functions |, Trans. Amer. Math. Soc., 64 (1948), 
45-99. 
5. D. R. Morrison, Bi-regular rings and the ideal lattice isomorphisms, Proc. Amer. Math 
Soc., 16 (1955), 46-9. 
6. R. Sikorski, Remarks on some topological spaces of high power, Fund. Math., 37 (1950), 
125-36. 


> 
m 


The University of Western Ontario 

and 

Summer Research Institute of the 
Canadian Mathematical Congress 











ON CERTAIN EXTENSIONS OF FUNCTION RINGS 
BERNHARD BANASCHEWSKI 


1. Introduction. The present note is concerned with the existence and 
properties of certain types of extensions of Banach algebras which allow a 
faithful representation as the normed ring C(£) of all bounded continuous 
real functions on some topological space E. These Banach algebras can be 
characterized intrinsically in various ways (1); they will be called function 
rings here. A function ring E will be called a normal extension of a function 
ring C if E is directly indecomposable, contains C as a Banach subalgebra 
and possesses a group G of automorphisms for which C is the ring of in- 
variants, that is, the set of all elements fixed under G. G will then be called 
a group of automorphisms of E over C. If E is a normal extension of C 
with precisely one group of automorphisms over C, which is then the in- 
variance group of C in E, then E will be called a Galois extension of C. Such 
an extension will be called finite if its group is finite. 

The discussions below prove, for any directly indecomposable function 
ring, the existence of normal extensions with arbitrarily prescribed group and 
give a characterization of all finite Galois extensions of a function ring 
C = C(E), E completely regular, which fully decompose all maximal ideals 
in C, in terms of regular quasi-covering spaces of E. In the special case, for 
instance, where E is normal and the union of finitely many simply connected 
open sets, the result is that any extension E of the considered type is a C(X) 
given by a regular covering space (X,¢, E) whose Poincaré group induces 
isomorphically the group of E over C. 

The proofs for these statements are obtained through arguments relating 
to fibre spaces which will then be interpreted for function rings via the well- 
known relations of the automorphisms and subrings of such rings to the 
underlying spaces or their Stone-Cech extensions. As it seems advisable, for 
the sake of clarity, to treat these two different aspects of this subject quite 
separately, all the topological material needed here will be presented first, 
whereas the transition to function rings will be left to the latter part of the 
paper. This transition will be based on the following familiar facts: 


(1) Any function ring C is the C(S) of a unique compact S, its maximal 
ideal space, and the automorphisms of C are all induced by space automor- 
phisms of S. 


(2) If C = C(E£) with non-compact completely regular Z, then S = BE, 
the Stone-Cech compactification of EF. 
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(3) If the directly indecomposable function ring E is an extension of C 
and X and E are the respective maximal ideal spaces, then X is mapped 
continuously onto E by ¢: M — M \ C, M the maximal ideals of F 


2. Automorphisms of fibre spaces. A fibre space is a triple (X, ¢, EZ) 
consisting of two spaces X and E together with a continuous mapping ¢:X > E. 
Although usually not required, ¢X = E will always be assumed here. The 
base of (X, ¢, E) is E, the fibre above x € E is the set ¢~'x, and the group 
G(¢) of (X, ¢, E) is the group of all space automorphisms of X which trans- 
form each fibre into itself. 

If X is any space and s an automorphism of X, then s induces an auto- 
morphism & in C(X) by means of the formula (8f)x = f(s~'x). Thus, in a 
fibre space (X, ¢, E) the group G(¢) induces a group G(¢) of automorphisms 
in C(X); s — 3 is a homomorphism and may, but need not be an isomorphism. 

For any fibre space (X, ¢, E) the functions f € C(E) determine functions 
f* = fe on X. By a known theorem (4, ch. I, §9) these are precisely those 
g € C(X) which are constant on each fibre. The transition f—f* imbeds 
isomorphically the function ring C(E) into the function ring C(X); the im- 
bedded ring will be denoted by C(E£)*. 

The first topological fact needed later on concerns the existence of certain 
fibre spaces. It will be assumed that any space occurring contains more 
than one point. 


Lemma I. If E is a connected completely regular space and G any given group, 
then there exists a fibre space (X, ¢, E) with connected completely regular X such 
that G is (isomorphic to) a subgroup of G(@) acting transitively on each fibre. 


Proof. Regard G as a discrete space. Then the product space Y = G X E 
has G as a group of automorphisms if the action of s € G be defined by 
s(t, x) = (st,x). Now, take a fixed a € E, identify all (s,a) € Y, call the 
resulting quotient space X and let @ be the natural mapping Y — X. Since E 
is connected, the sets E, = {s} X EC Y and 6E, C X are also connected, 
and therefore X =  6E, is connected because (\6E, is non-void. 

The continuous mapping (s, x) — x induces a continuous mapping :X — E 
with ¢X = E. Also, any s € G induces a mapping ss of X onto itself by 
$¢0(t, x) = (st, x), continuous because (t, x) — @(st, x) is a continuous map- 
ping of Y onto X, constant on the set of all (¢, a), © G. Furthermore, since 
(st)* = Sete, any s» has a continuous inverse and is thus an automorphism 
of X. Finally, the mapping s — ss is an isomorphism since s4@(t, x) = 0(st, x) 
# 0(t, x) for all x ¥ a if s is not the unit transformation. Obviously, these s+ 
map each fibre of (X, ¢, E) onto itself and their totality acts transitively on 
each fibre. 

It remains to prove that X is completely regular. For this it is sufficient 
to show that it can be imbedded in some compact space. Let K be a compact 
space containing Y, which exists by the complete regularity of EZ, and identify 
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in K all the points of the closure of the set of all (s, a), s © G. The quotient 
space L thus obtained is again compact and contains X as a subspace (4, 
ch. I, §9). This completes the proof. 


Remark. Obviously, any permutation p of G gives rise to an automorphism 
of Y and hence to an automorphism ps of X. If E — {a} is connected, then 
the group G(¢) of (X, ¢, E) consists precisely of these ps since the set of all 
points in @Z, other than 6(s,a) which an element of G(¢) maps into the 
same 0E, is open-closed in 0E, — {6(s, a)}. 

Lemma 1 will be employed in connection with the following statements 
about a fibre space (X, ¢, E) and its group G = G(¢). 


LemMMA 2. If C(E) separates the points of E, then any automorphism s of X 
whose & leaves each g © C(E)* fixed belongs to G. If C(X) separates the points 
of X, then G is isomorphic to G under s — 8. If H C G acts transitively on each 
fibre, then C(E)* is the ring of invariants of H. If H € G does not act transitively 
on each fibre and if the functions on the orbit space X/H separate points, then 
the ring of invariants of A is greater than C(E)*. 


Proof. Suppose s is an automorphism of X not belonging to G, that is, 
ga * $(s~'a) for some a € X. Then, if f © C(E) separates these two points 
one obviously has 3f * # f* and thus § does not leave all g © C(E)* fixed. 
Next, consider, for any s © G which is not the unit transformation, an a © X 
such that s~'a # a which exists since G acts effectively by definition. Then, 
if f © C(X) separates s~'a from a one has §f # f and thus § is not the unit 
transformation, either. Further, if f € C(X) satisfies § = f for all s€ H 
where H acts transitively on each fibre, then f is constant on each fibre 
and hence belongs to C(Z)*. Finally, if H does not act transitively on each 
fibre one has X/H # E and there exist distinct points a and b in X/H which 
have the same image c under the mapping X/H — E induced by ¢. A function 
g © C(X/H) separating a from 5b then gives a g* € C(X) with §g* = g* for all 
s © H which is, however, not constant on the fibre above c. 


3. Quasi-covering spaces. By a quasi-covering space is meant a fibre 
space (X, ¢, E) with the property that each x € E has an open neighbourhood 
V whose ¢~'V is the union of disjoint open V’ on which ¢| V’, the restriction 
of @ to V’, is a homeomorphism onto V. An open set V with this property 
will be called evenly covered by (X,¢, E). To emphasize the role of E, 
(X,, E) will also be called a quasi-covering space of E. If E should be 
locally connected and X connected, this reduces to the usual definition of 
a covering space (3, ch: II, §VI). 

A quasi-covering space (X,¢, E) will be called regular if its group G(¢) 
acts transitively on each fibre. Then, if X is connected, any s € G(@) other 
than the unit transformation has no fixed points. For if V’ is the part of 


r 


¢-'V belonging to x’ € @~'x, V assumed to be an evenly covered open neigh- 
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bourhood of x, and sx’ = x’, then sV’ (\ V’ is a neighbourhood of x’ consisting 
of points fixed under s, whereas if sx’ = x” # x’ and V” belongs to x’’, then 
s-'(sV’(\ V”) is a neighbourhood of x’ consisting of points moved by s; 
hence the sets of the two different kinds of points are both open and if X is 
connected, one of them must be void and the other X. 

From the special type of Galois extensions of function rings to be considered 
below there arise fibre spaces (X, ¢, E) with completely regular X and E and 
finite G = G(@) such that (i) each fibre consists of as many points as G has 
elements and (ii) G has C(£)* as its ring of invariants. In this situation one 


has 
LEMMA 3. (X, ¢, E) ts a regular quasi-covering space. 


Proof. First, the orbit space X/G is again completely regular. This follows 
from the fact that X/G is a subspace of the compact BX /G’, G’ the continuous 
extension of G to 8X, which in turn is a consequence of a known theorem on 
quotient spaces (4, ch. I, §9). Now, the functions on X/G certainly separate 
points, and as the ring of invariants of G is C(E)*, Lemma 2 implies that G 
acts transitively on each fibre. An immediate consequence of this and the 
hypothesis on the number of points in each fibre is that no s € G other than 
the unit has any fixed points. Further it follows that the mapping ¢ is open 
since E = X/G and for any open O C X OF = U sO," 5 € G, is again open. 

Now, suppose there exists a c © X on none of whose neighbourhoods 
V ¢|V is one-to-one. This means there are distinct points xy and yy in each 
V and an sy € G such that syxy = yy. Then for some s € G the collection of 
those V for which sy = s must be cofinal in the neighbourhood filter of c, 
that is, any neighbourhood U of c contains some V with sy = s. Call these 
neighbourhoods W. Since the two (Moore-Smith) sequences xw and yw both 
converge to c, one has sc = s(limxw) = lim sxw = lim yw = c. However, 
sc = c only holds for the unit of G which contradicts the assumption that all 
xy and yy are distinct. Therefore, any x © X has a neighbourhood V which is 
mapped one-to-one. V can be taken as open, and as @¢ is continuous and 
open ¢|V is a homoemorphism. Finally, ¢\sV is also a homeomorphism for 
each s € G, U = @V is an open neighbourhood of ¢x € E and @'U = U sV. 
This completes the proof. 


The next item to be considered is the construction of a quasi-covering 
space of a completely regular E from a quasi-covering space of its BE. In 
this, the following notion will be employed. If (Y,¥, W) is a fibre space and 
E a dense subspace of W, then the fibre space (X,¢, EZ), where X = y'E 
and @ = ¥\X, will be called the restriction of (Y,~, W) to the base E. The 
group G(w), since it transforms X into itself, induces a subgroup of G(@) by 
restriction to X. Obviously, if G(W) acts transitively on each fibre, then G(¢@ 
does too. 








en 
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LemMA 4. Jf (Y,y, BE) is a regular quasi-covering space with compact Y, 
then its restriction (X,, E) to the base E is again a regular quasi-covering 
space, with BX = Y and G(@) induced by G(W). 


Proof. Let U be an evenly covered open neighbourhood in BE of x © E 
and U’ the disjoint open sets into which y~'U then splits. For the neigh- 
bourhood V = U/\E of x in E one then has @'V = yY"'V = (W"'U) (1X, 
and this is the union of the disjoint open U’ (\ X in X each of which is mapped 
homeomorphically onto V by ¢. Hence (X, ¢, EZ) is a quasi-covering space 
and thus, of course, a regular one. 

To obtain 8X = Y, use will be made of completely regular filters. A filter 
W% on a space S is called completely regular if for any A € W& there exsits 
some f © C(S) such that 0 < f < 1, f-"{0} © M and f = 1 outside A. If K 
is a compact space containing S densely, then each 2 © K — S determines a 
filter T(z) on S, its trace filter, consisting of the sets V (/\.S where V ranges 
over the neighbourhoods of z in K. These T(z) are completely regular filters 
and K = BS holds exactly if they are all maximal completely regular (4, 
ch. 9, §1). In this case, the T(z) will be precisely the non-convergent maximal 
completely regular filters on S, the convergent ones just being the neigh- 
bourhood filters of the points of S. 

Now, let U be an open neighbourhood of u © Y — X such that ¥ U is 
one-to-one. Because U/ (\ X and (WU) (\ E correspond to each other, the trace 
filter X(u) of wu on X is mapped by ¢ onto the trace filter T(wu) of yu on EL. 
Hence, for any completely regular filter R D T(u) on X one has ¢R D T(x). 
However, @® is again completely regular: for any A © @R take a BC R 
such that its closure in X lies in U (\ X and @B C A, and then some f © C(X) 
with 0 < f < 1, f-'{0} € R and f = 1 outside B. With this f, define g on E by 


aS lifx¢ WU) OE 
BY = | fe if x = o2,x € (WU) OE. 


This g is continuous, has value | outside ¢B and hence outside A, and satisfies 
0< g< land g“'{0} € oR. Thus, ¢R is completely regular. But now, T(wu 
is maximal completely regular because the extension of E considered is BE; 
therefore, ¢R = XT(wu) = @X(u) and as T(u) contains a set on which ¢ is 
one-to-one, this gives R = T(u). Since R D T(u) was arbitrary completely 


regular, T(u) is hereby seen to be maximal and this shows BX = Y 
Finally, any s € G(@) can be uniquely extended to an automorphism s’ of 
Y = BX and from s’u = s’(lim T(u)) = lim sT(u) for any u € Y — X one 


obtains ¥(s’u) = wu, that is, s’ € G(W). Hence, G(@) is the restriction of 
G(W) to X, and this completes the proof. 


There is a partial converse to Lemma 4. If (X, ¢, £) is a fibre space with 
completely regular X and E, then ¢ has a unique continuous extension 
8X — BE with ¥(8X) = BE (7). The fibre space (8X, ¥, BE) will be called 
the extension of (X,¢, E) to the base BE. Each s © G(@) has an extension 
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to an automorphism of 8X which, by the same argument as in the last para- 


graph, belongs to G(W) such that G(@) induces a subgroup of G(w). A good 
deal more can be said if further conditions are assumed for (X, ¢, £). 


Lemma 5. If (X, ¢, E) is a finite regular quasi-covering space with connected 
X such that each non-convergent maximal completely regular filter on E contains 
an evenly covered open set, then its extension (8X, W, BE) to the base BE is again 
a regular quasi-covering space and G(wW) is induced by G(¢). 


Proof. If G’ denotes the continuous extension of G = G(@) to BX, then: 


since G’ C G(y), ¥ induces a continuous mapping of the compact orbit space 
8X/G' onto BE such that E, which is also a subspace of 8X/G’ (4, ch. I, §9) 
remains pointwise fixed. Therefore 8X/G’ = BE by the maximality of BE 
and thus G’ acts transitively on each fibre of (8X, ¥, BE). Next, no s’ © G’ 
other than the unit has any fixed point. Such a point would have to be a 
u € BX — X and if s’u = u, s’ € G’ and not the unit, it would have arbi- 
trarily small neighbourhoods U with s’U = U, since s’ is of finite order, and 
hence its trace filter T(u) on X would have a basis of sets V with sV = V. 
However, by continuity one has T(yu) C E(u), and by hypothesis T (yu 
contains an evenly covered open W. Then, @'W € T(u) where @'W = UW, 
with finitely many disjoint open W, such that ¢|W, is a homeomorphism; it 
follows that W, € X(u) for some k (2), but of course there is no V C W, 
with sV = V. This contradiction proves s’u # u. 

One now obtains, by the same argument as in the proof of Lemma 3, that 
(6X, ¥, BE) is a quasi-covering space; since G’ C G(y) is transitive on each 
fibre this implies regularity, and since X is connected one has G’ = G(y). 


Remark. lf (X,, E) satisfies the hypothesis in Lemma 5, then, by this 
lemma, £ is the union of finitely many evenly covered sets since BE is com- 
pact. Conversely, this condition implies the hypothesis in Lemma 5, at least 
if E is a normal space since for such E any finite open covering of E is induced 
by one of BE. In particular, therefore, if E is normal and the union of finitely 
many simply connected open sets (in the sense of Chevalley) then, for any 
finite regular covering space (X, ¢, E) the extension (8X, y, BE) is a regular 
quasi-covering space, with G(y) induced by G(¢). More generally, the same 
holds if Z, not necessarily normal, has any compact extension K such that 
each u € K — E has an open neighbourhood for which V = U ()/ E is simply 
connected, for then any maximal completely regular filter on E will converge 
to some such u and hence contain the corresponding V which in turn will be 
evenly covered by any quasi-covering space (X, ¢, E). Similarly, the above 
statement concerning (8X, ¥, BE) is true if E is a finite dimensional separable 
metric space, for according to (6) X then contains a finite number of open 
W, such that ¢|W, is a homeomorphism and E = U @W,, and thus £ is 
normal and the union of finitely many evenly covered open sets, the latter 


because @ '¢@W, = UsW,, s € Go). 





\- 
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4. Extensions of function rings. Let C denote any directly indecom- 
posable function ring and G an arbitrary group. 


PROPOSITION |. There exists a normal extension E of C which has G as a 
group of automorphisms over C. 


Proof. \{ E is the maximal ideal space of C and (X, ¢, £) the fibre space of 
Lemma 1, then, since E and X are both completely regular, Lemma 2 shows 
that E = C(X) has the required properties if one identifies C with C(£)*. 

An immediate consequence of Proposition | is that any directly indecom- 
posable function ring C possesses directly indecomposable extensions E such 
that each element of E is algebraic over C, for to obtain such extensions one 
only has to take a normal extension of C with some finite group. In other 
words, there is no such thing as algebraic closure in the class of all directly 
indecomposable function rings. 

Another observation that can be made here is that if a directly indecom- 
posable function ring C contains a maximal ideal which is not the sum of 
two closed ideals whose intersection is the zero ideal, then for any natural 
number » there exists a normal extension E of C such that the invariance 
group of C in E is isomorphic to the symmetric group S, of m objects. First, 
the condition for the maximal ideals stated means that the maximal ideal 
space E of C contains a point a such that E — {a} is connected. Then the 
remark following the proof of Lemma 1 shows that for (X, ¢, Z), constructed 
with any group of order n, one has G(¢) = S, and since X is compact here, 
(1) in §1 implies that C(Z)* > C has G(¢) = S, as its invariance group 
in E = C(X). 

The extensions obtained from Lemma 1 are normal but not Galois. Examples 
for the latter arise from regular quasi-covering spaces (X,@¢, E) with con- 
nected X. There, G(@) is the only group H C G(@) acting transitively on 
each fibre and if X (and thus £) is compact or, for instance, completely 
regular and satisfying the first axiom of countability, then by Lemma 2, by 
(1) or (2) in §1 and by (5) G(¢) is the invariance group of C(E)* in C(X) 
and no proper subgroup of G(¢) has C(£)* as its ring of invariants. In other 
words, C(X) is then a Galois extension of C(E)* with group G(¢) which is, 
furthermore, isomorphic to G(@). 

If a Galois extension E of C = C(E) is given, in the manner just described, 
by some regular quasi-covering space (X, ¢, E) it will be called the Galois 
extension of C associated with (X, ¢, E). The finite Galois extensions of this 
type have a certain property which can best be formulated by means of the 
following concept, borrowed from the ideal theory of algebraic number fields: 
a finite Galois extension E of C is said to decompose fully the maximal ideal 
m in C if there are exactly as many maximal ideals J2 > m in E as the group 
of E over C has elements. It is clear that all Galois extensions of C(£) associated 
with finite regular quasi-covering spaces (X, ¢, E) fully decompose each fixed 
maximal ideal of C(E£). However, not all finite Galois extensions of C(£) 
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with this latter property are associated with regular quasi-covering spaces 
of E. Take, for instance, E to be an open annular region in the plane, (X, ¥, E) 
its regular covering space with group of order 2, and T, and T. two maximal 
completely regular filters on Y above the same maximal completely regular 
filter on E. Now, let E be the ring of all f © C(Y) with lim fX, = lim fZ». E 
is then a Galois extension of C = C(£)*, its group also being of order 2. 
However, it is not associated with any regular quasi-covering space of E 
since this would have to have group of order 2, and (Y,y, E) is the only 
such quasi-covering space whereas E ~ C(Y). 

This observation suggests that in order to describe at least a class of finite 
Galois extensions of C(E) associated with regular quasi-covering spaces of 
E by means of simple algebraic conditions one has to assume full decom- 
position for all maximal ideals. With this, the following characterization can 
be obtained. 


PROPOSITION 2. Let E be a connected completely regular space. Then, a 
Galois extension E of C = C(E) has finite group and fully decomposes each 
maximal ideal in C if and only if it is associated with a finite regular quasi- 
covering space (X, , E), with connected X , in which each non-convergent maximal 
completely regular filter on E contains an evenly covered open set. 


Proof. In the case of compact £, in which there are no non-convergent 
maximal completely regular filters, this is obvious from (3; 1) and Lemma 3. If 
E is not compact, one can first use the proposition for 8E since C(E) = C(8E). 
Hence, any extension E of the kind stated is associated with a regular quasi- 
covering space (Y,¥, 8E) to which Lemma 4 can be applied; this gives a 
regular quasi-covering space (X,¢, E) with which E is also associated, and 
because of its origin and Y = BX, (X,¢, E) has the additional propreties 
concerning the maximal completely regular filters. Also, X is connected since 
Y = BX is. Conversely, if (X,¢, E) satisfies all the conditions listed, then 
Lemma 5 shows that each maximal ideal in C(£)* is contained in precisely 
as many maximal ideals of C(X) as G(@) has elements. This means the 
extension of C = C(E) associated with (X,¢, E) fully decomposes each 
maximal ideal of C. 

The condition for (X,¢, Z) concerning the maximal completely regular 
filters on E prevents Proposition 2 from giving a complete description of the 
Galois extensions of C(E£) which are associated with finite regular quasi- 
covering spaces of E. However, the remark following Lemma 5 shows that 
for certain types of spaces this condition is redundant. Hence one has: 


Coro.iary 1. If E possesses a compact extension K such that eachu € K — E 
has an open neighbourhood U for which U (\ E is simply connected or if E is a 
finite dimensional separable metric space, then the extensions of C = C(E) 
associated with finite regular quasi-covering spaces of E are precisely the finite 
Galois extensions of C which fully decompose each maximal ideal of C. 
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es In Proposition 2, attention is paid to the way in which the function ring C 
E) is concretely represented on some space. Independent of such representation 
al of C one has: 
4 COROLLARY 2. Jf the finite Galois extension E of C fully decomposes each 
9 maximal ideal of C, then its group G permutes the maximal ideals of E above 
FE each maximal ideal of C transitively and E is finitely generated over C. 
ly Proof. E is associated with a regular quasi-covering space (X, @, EZ) where 
X and E are the maximal ideal spaces of E and C. The first part follows 
te immediately from this. For the second part, one observes first that £ is the 
of union of finitely many evenly covered V, and the parts V» into which the 
n- ¢-'V, split form an open covering of X. Then, let fy © C(X) be a decompo- 
un sition of the unity, subordinate to this open covering, that is, O < fx < 1, 


fa = 0 outside Vg and > fa = 1 (4, ch. TX, §4) and take hy such that 
hu? = fu. Now, for any g € C(X) put gu = X 3(ghu), s © G(@); one then 





° has gutyw = ghy’ and hence g = > guhyw where gy © C(E)*. Thus, the hy 

ch generate C(X) over C(E)*. 

1 

al 5. Concluding remarks. In view of Corollary 1 of Proposition 2 one 
might ask whether the restriction on (X, ¢, £) in this proposition is not, in 

at fact, always redundant, in which case one would have a simple algebraic 

If characterization of all Galois extensions of a function ring C(E£) which are 

), associated with finite quasi-covering spaces of E. This question is equivalent 

ra with the following problem: if G is a finite group of automorphisms of a 

‘ connected completely regular X such that no s € G other than the unit has 


id any fixed points, does the continuous extension of G to BX have the same 
property? In order to show that the answer is positive it would be sufficient 


ss to prove, for any such X and G, the existence of some compact extension 
- } of E onto which G can be continuously extended without losing its particular 
ly | property; however, whilst this can be done for various special types of spaces, 
bo we do not know whether it is possible in general. 
» a Quite apart from this problem, a certain ‘‘external’’ characterization of the 
Galois extensions of C = C(E) which are associated with finite regular 
w A quasi-covering spaces of E can be given in the following way: the methods 
i aE in §3 readily show that any Galois extension E of C which has finite group 
7 G and decomposes fully each fixed maximal ideal of C can be represented 
at as the ring of (some) functions on a regular quasi-covering space (X, ¢, £) 
such that G is induced isomorphically by G(¢). Therefore, a finite Galois 
| extension E of C is associated with a regular quasi-covering space if and 
E only if it fully decomposes each fixed maximal ideal of C and is not contained 
a in any larger Galois extension of C with the same property whose group 
‘) isomorphically induces the group of E. 
te Another question arising from Proposition 2 is whether a similar treatment 


be possible in the case of infinite groups. For this the concept of full decom- 
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position of a maximal ideal has to be extended first, and it is natural to do 
this by calling a maximal ideal m in C fully decomposed by the Galois extension 
E of C with the group G if for any maximal ideal 22 D m in E sM, s € G, 
ranges over all maximal ideals above in such that s9 ¥ ‘M if s ¥ t. However, 
a Galois extension E of C = C(E) associated with a regular quasi-covering 
space (X, ¢, E) whose G(¢@) is infinite cannot even fully decompose any fixed 
maximal ideal of C, for each fibre ¢-'x, x € E, of the extension (8X, ¥, BE) 
must contain points from 8X — X since otherwise ¢@~'x = y¥~'x, which would 
mean @~'x is closed in 8X besides being discrete and thus finite. Therefore, 
the concept of full decomposition of maximal ideals is useless for the descrip- 
tion of the infinite Galois extensions of a function ring C(£) which are 
associated with regular quasi-covering spaces of E, whereas, on the other 
hand, such extensions do exist for suitable E. 
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LATTICE THEORY OF GENERALIZED PARTITIONS 
JURIS HARTMANIS 


1. Introduction. In (1) the lattice of all equivalence relations on a set 
S was studied and many important properties were established. In (2) and 
(3) the lattice of all geometries on a set S was studied and it was shown to 
be a universal’ lattice which shares many properties with the lattice of equi- 
valence relations on S. In this paper we shall give the definition of a partition 
of type m and investigate the lattice formed by all partitions of type m on a 
fixed set S. It will be seen that a partition of type one on S can be considered 
as an equivalence relation on S and similarly a partition of type two on S 
can be considered as a geometry on S as defined in (2). Thus we shall obtain 
a unified theory of lattices of equivalence relations, lattices of geometries and 
partition lattices of higher types. We shall observe that most of the properties 
which hold for the partition lattices of type one and two hold for partition 
lattices of any type. We shall first show that a partition lattice of type on 
a set S is a complete point lattice which is isomorphic to the lattice of sub- 
spaces of a suitably chosen geometry. A characterization of the lattice of 
equivalence relations on S was given in (1). We shall give a similar characteri- 
zation of the lattice of all geometries on S (that is, the lattice of partitions 
of type two on S) by characterizing the geometries whose lattices of subspaces 
are isomorphic to the lattice of geometries/ We shall then show that the 
lattices of partitions of any type are complemented and special properties 
of these complements will be investigated. It shall further be shown that 
these lattices are simple and the groups of automorphisms will be constructed. 
Finally we shall investigate the complete homomorphisms of lattices of sub- 
spaces of geometries and characterize them in terms of polygons in the 
geometry. We shall conclude by stating some unsolved problems. 


2. Generalized partitions. 

Definition 1. A partition of type n,n > 1, on the set S consisting of m or 
more elements is a collection of subsets of S such that any m distinct elements 
of S are contained in exactly one subset and every subset contains at least 
n distinct elements. 

It can be seen that the subsets of a partition of type one on S define an 
equivalence relation on S and vice versa. Similarly a geometry on S is 
equivalent to a partition of type two on S if we consider the lines defining 
the geometry as the subsets which form the partition. 

Received March 20, 1958. 

‘Any finite lattice is isomorphic to a sublattice of the Iattice of all geometries on some 
linite set 
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We recall that a subset 7 of S is said to be a subspace of a geometry G 
on S if with any two distinct elements of T the line containing these elements 
is in 7. Thus the set of all subspaces of a geometry G on S ordered under 
set inclusion forms a complete lattice. 

We shall refer to the subsets defining a partition as blocks. A block of a 
partition of type m is said to be non-trivial if it consists of at least nm + | 
distinct elements. Otherwise we shall call the block trivial. We shall represent 
a partition P by the set of its non-trivial blocks, P = {S,}. 

Let us now order the set of all partitions of type m on S by defining P; < P,; 
if and only if every block of P; is contained in a block of P2. Under this ordering 
it is a partially ordered set which is closed under arbitrary intersections. To 


see this we just have to note that if {P. | a € A} is any set of partitions of 
type m on S then the partition, whose blocks containing any prescribed 
points x), X2,...,%, of S are obtained by intersecting the corresponding 


blocks of P., a € A, is the g.l.b. of {P. | a € A}. Since this partially ordered 
set of partitions has a unit element we conclude that it is a complete lattice. 
We shall denote it by L P,(S). To simplify the statements of the theorems 
we shall first agree to define L P,(.S) to consist of a single element if S contains 
less than m elements, secondly, let L Po(S) denote the Boolean algebra of all 
subsets of S. It can be seen that L P,(S), |S| > n > 1, is a point lattice and 
that the points are partitions consisting of only one non-trivial block and 
this block contains m + 1 distinct elements. 


THEOREM |. L P,,(.S) is isomorphic to the lattice of subspaces of some geometry 


Proof. The result holds for » = 0, since L Po(S) is isomorphic to the lattice 
of subspaces of the geometry on S in which every line consists of exactly two 
points. By our previous convention the result holds trivially for L P,(S), 
n > 1, if S consists of n or less elements. If S consists of more than m elements 
then the union in L P,(S) of any two distinct points P; = { (a), a2, . . . , @n41)} 
and P, = { (by, be, ..., bn41)} is either a partition with only one non-trivial 
block and then this block consists of m + 2 elements, or it is a partition con- 
sisting of two non-trivial blocks, that is, P;\U P, = { (a, ae 
(by, be, . .. , bayi)}. In either case P; UV P, covers P; and Py». This implies 
that the sets of points of L P,(S), which are contained in unions of two dis- 
tinct points, form the set of lines for a geometry on the set of points of L P,(S). 
We now observe that if 7 is a subspace of this geometry and if for a point Q 
of L P,(S) we have that Q < U{P|P € T}, then Q € T. This implies that 
L P,,(S) is isomorphic to the lattice of subspaces of the geometry defined by 


) 


the unions of pairs of points of L P,(S). 


3. Characterization of LG(S). We shall now characterize the geometries 
whose lattices of subspaces are isomorphic to the partition lattices of type 
two on S. 

We shall introduce some concepts which are essential for the following 
theory. 
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Definition 2. Two distinct points p and g of a geometry G are said to be 
related if the line defined by p and gq is non-trivial. 


Definition 3. The points p and gq of a geometry G are said to be close if p 
is equal to gq, p is related to g, or there exists a point ¢ of G such that p is 
related to ¢ and ¢ is related to gq. 


Definition 4. Let the line / of G consist of the four distinct points p:, pe, 
ps, Ps, and let x denote the set consisting of the three collinear points p,, po, 
and p,. Then a point g of G is said to be close to x if one of the two following 
conditions holds: 

(i) g is equal to pi, po, or ps, 
(ii) g is close to pi, pe, Pa; ¢g is distinct from , and not related to px. 
For further discussion x will denote a triplet of distinct collinear points of G. 


Definition 5. mr, is said to be close to m2 if every point in 2m is close to mo. 


THEOREM 2. Let L be the lattice of subspaces of a geometry G on W and let 
W consist of four or more points. Then L 1s isomorphic to the lattice of all geome- 
tries on some set S if and only if G satisfies the following five axioms: 


Axiom 1. The non-trivial lines of G consist of four points and every point 
is contained in at least one non-trivial line. 


Axiom 2. If a point p is close to 7; and 7; is close to 2 then p is close to me. 
Axiom 3. If 2, is close to m2 then m2 is close to 7. 


Axiom 4. If 21, 2, 73 are distinct then there exists a point p such that p 
is close to 71, 42, 73. 


Axiom 5. Let 1 be a non-trivial line and let p be a point which is not on this 
line but is close to every point on this line, then is related to exactly two 
points of /. 


To show that L is isomorphic to the lattice of all geometries on some set S 
we have to show that there exists a one-to-one mapping of the set W onto 
the set of points of LG(S) (LG(S) = L P;(S)) and that this mapping pre- 
serves lines. To do this we shall introduce the concept of a star of G. Let x 
be a triplet of distinct collinear points of G. Then the set of all points which 
are close to x will be called the star of G defined by x. This set will be denoted 
by A(x). We shall show that the lattice of all geometries on the set of stars 
of G is isomorphic to L. We know that a point of LG(S) is a geometry with 
only one non-trivial line and this line consists of three points. Thus every 
point of LG(S) is characterized by the three elements of S which are con- 
tained in its non-trivial line. Therefore we first have to establish a one-to-one 
mapping of the set W onto the set of all triplets consisting of distinct stars 
of G. We shall do this by showing that every point of G is contained in exactly 
three distinct stars and that any three distinct stars have exactly one point 
of G in common. The proof consists of the following lemmas. 
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LEMMA |. If the point p is close to 1m; then there exists m2 such that p is con- 
tained in m2 and m2 is close to 7m. 


Proof. Let r; consist of the distinct points p:, pe, 3 and let the fourth col- 
linear point of this line / be ps. If p is contained in / then » must be equal 
to pi, pe, or p; since by Definition 4 the fourth collinear point p, is not close 
to 7. Thus we may set 72 = 7; since then p is contained in m2 and by Definition 
4 and Definition 5 we see that 7, is close to 7;. Let us now assume that is 
not on the line / but is related to a point of 7. Let this point be p; as indicated 
in Figure 1. Then p, is related to p; and p; is related to every point of the 





FIGURE 1 


line defined by p and p;. Thus by Definition 3, ps is close to every point on 
this line and therefore by Axiom 5, , is related to exactly two of the four 
distinct points of this line. We know that , is related to p; and let us denote 
the second point to which it is related by s. Since the line defined by p and p, 
consists of four points there must exist a point g on this line which is distinct 
from p and is not related to p,. Let m2 consist of p, 1, and g. We see that p 
is contained in w2 and we shall show that zz is close to 7. By Definition 5 
we have to show that every point of m2 is close to 2. p; is contained in 7 
and therefore by Definition 4 close to 7. p and g are close to every point in 
mz, and not related to ps. Thus by Definition 4 they are close to z;. It follows 
that 72 is close to 7;. We may now assume that ? is not related to any point 
on the line /. Since p is close to p; there exists a point ¢ of G such that 9 is 
related to ¢ and ¢ is related to p; as shown in Figure 2. Using the result of 
the previous case we know that there exists a triplet x, on the line defined 
by p; and ¢ such that ¢ is contained in 3 and 7; is close to 7;. Let us denote 


Pp 





FiGurRE 2 
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the point of this line which is not contained in 7; by s as we did in the previous 
case. We recall that s is related to ps. Thus p cannot be related to s since 
otherwise p is related to s and s related to p, which implies that p is close 
to p, and therefore close to every point on /. From this we would conclude 
that p is related to exactly two points on the line /, contrary to assumption. 
But then ? is close to 7; and is related to ¢ which is contained in z;. Using 
again the result of the previous case there exists a triplet +2 on the line defined 
by p and ¢ such that p is contained in m2 and 7m, is close to 73. Now we have 
that p is contained in 72, m2 is close to m3, and 7; is close to 7;. Thus by Axiom 


2 we conclude that 72 is close to r;. This completes the proof of Lemma 1. 


LEMMA 2. Any there distinct collinear points contained in a star define the 
star. 


Proof. Let mr, be contained in A(m,). Then every point of 2, is close to m, 
and therefore x; is close to m2. By Axion 3, m2 is close to 7; and therefore by 
Axiom 2 every point which is close to 7; is close to m2, and vice versa. From 
this it follows that A(m;) = A(me). 


LEMMA 3. Every point p of G is contained in at least three distinct stars. 


Proof. By Axiom | a point p of G is contained in at least one non-trivial 
line / and this line consists of four points. There are exactly three distinct 
triplets 7, m2, and 2; of / which contain ». The fourth collinear point of / 
which is not contained in 2; is by Definition 4 not contained in A(m,). But 
this point is contained in 2 and x; and therefore it is contained in A(m:2) and 
A(m3). Thus A(m) is distinct from A(m) and A(m;). Similarly we show that 
A(x.) is distinct from A(2;). This shows that there are at least three distinct 
stars which contain p. 


LEMMA 4. There are exactly three distinct stars contining every point p of G. 


Proof. Let p be contained in a non-trivial line / and let m, m2, and ms be 
the distinct triplets of / which contain p. By the previous result we know that 
the stars A(m1), A(m2), and A(x) are distinct. Let p be contained in some 
star A(x); we shall show that A(z) is equal to A(z), A(m2), or A(ms). Note 
that if p is coniained in A(x) then by Lemma | there exists a triplet r’ such 
that p is contained in 2’ and 7’ is close to zm. If x’ is contained in the line / 
then it must be equal to 7, 72, or x; and therefore by Axiom 3 and Axiom 2 
we conclude that A(z) is equal to A(,), A(m2), or A(w;). Thus we may assume 
that x’ is contained in a non-trivial line l’ and that /’ is distinct from /. Let us 
denote the point of /’ which is not contained in x’ by gq. Since p is contained 
in x’ and therefore in I’ ‘we see that gq is related to p and ? is related to every 
element of the line /. Thus g is close to every point on the line / and therefore 
related to exactly two points of /. We know that gq is related to p. Let the 
second point to which is related be denoted by s. One of the triplets 7, 
T:, OF 7; does not contain the point s, say 7. Then 7 is close to r’ since p 
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is contained in 7, and the two remaining points of 7; are close to every point 
in x’ and not related or equal to g. From the fact that w; is close to x’ it 
follows by Axiom 3 and Axiom 2 that A(,) = A(x’); this proves Lemma 4. 
By Axiom 4 any three distinct stars have at least one point in common. 
The next lemma will show that there cannot be more than one such point. 


LemMA 5. Any three distinct stars have exactly one point in common. 


Proof. Let p and gq be distinct points of L. We shall show that the three 
distinct stars which contain p cannot all contain g. Let p be contained in the 
non-trivial line / and let 7, 72, and 7; be the distinct triplets of / which con- 
tain p. These triplets define the three distinct stars which contain p. If q is 
also contained in the line / then g is not contained in one of these triplets. Let 
this triplet be x,. Then g is not contained in the star A(m,) since gq is the 
point of / which is not contained in 7;. Thus we may assume that p and q 
are not related, which implies that g cannot be close to 7, m2, and 73. Since 
if g would be close to 7, mz, and 2; then g would be close to every point on / 
and therefore g would be related to exactly two elements of /. But then g 
would be related to an element of / which is not contained in one of the 
triplets +,, r2, or 7; and therefore g would not be close to one of these triplets, 
contrary to the assumption. Thus g is not contained in one of the three stars 
which contain p. This proves Lemma 5. 

So far we have shown that there exists a one-to-one mapping of the set W 
onto the set of points of LG(.S), where S is the set of stars of G. Let us denote 
this mapping by @. 


LEMMA 6. The mapping @ preserves lines. 


Proof. Let l be a non-trivial line of G. Then / contains four distinct triplets 
1, ®2. %3, m4 and these triplets define the four distinct stars A;, As, Az, As, 
respectively. Every point of the line / is contained in three of these triplets 
and therefore in three of these stars. Under the mapping @ the line / is 
mapped into the line /’ of LG(.S) which consists of the four points { (A;, Ae, A3)}, 
{ (41, Ae, As)}, { (Ai, As, Aa)}, and { (As, As, A4)}. This shows that every point 
on the line / is mapped into a point of the corresponding line /’ of LG(S). 
Conversely, let /’ be a non-trivial line of LG(S) and let this line consist of 
the four points {(A;, As, A3)}, {(A:, Ae, As)}, { (Ar, As, As)} and { (As, As, Aa}. 
Let {(A;, Ae, As)} and {(A:, A», 4y)} be mapped onto the points p and q 
respectively. Let p be contained in a non-trivial line / of G. We know that the 
triplets +, m2, 7; of 1 which contain p define the stars A;, As, A3, respectively. 
Then g is contained in A; and A, and therefore gq is close to every point on /. 
Thus g is related to exactly two points of /. Thus g has to be related to p 
since otherwise one of the triplets +; or . would not contain a point of / to 
which g is related and therefore g would not be close to 7; or 72, contrary to 
assumption. Thus p and g are related. Without loss of generality we may 
assume that p and g are contained in / and that m, 2, 43, 4 are the distinct 
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triplets of /. Then m, m2, ws, and mw, define the stars 4;, As, As, and Ay, 
respectively. Clearly every three distinct triplets of the set ,, m2, m3, 7 
have a point in common and this point is contained in /. This shows that 
every point of the line /’ is mapped into a point on the corresponding line /. 
Thus the mapping preserves lines and we conclude that L is isomorphic to 
LG(S). 

A straightforward computation shows that the five axioms of Theorem 2 
hold in LG(S) if S consists of four or more elements. 

Thus we have completed the proof. 


4. Lattice theoretic properties of L P,(S). We shall now study the 
lattice theoretic properties of L P,,(S). 


THEOREM 3. For each given point P of L P,(S) and a gwen integer m,n > m 
> 0, there exists a complete sublattice L of L P,(S) such that 
(i) L is isomorphic to L P»(S — {a; vVaeVv...VGn—m}), 
(ii) ZL contains the point P, 
(iii) the unit and zero elements of L and L P,(S) coincide. 


Proof. Let a point P = {a; vaev... V@n4i1} of L P,(S) be given. If m = n 
then the theorem is trivially satisfied. Otherwise we let M denote the set 
ee 6 6 oa a,+1|. Let us now consider all the elements of LZ P,(S) whose 


non-trivial blocks contain M and let us denote this set by L. It can be seen 
that P, O, and J are in L and that L is closed under arbitrary intersections 
in L P,(S). Furthermore for any subset {A,} of ZL and C in L P,(S) such 
that A, < C there exists C’ in L such that A, < C’ < C. To obtain C’ from 
C we just remove all the non-trivial blocks of C which do not contain the 
set M and replace them by the necessary trivial blocks. From this we conclude 
that (\{A | A > A,} = U{A,} is an élement of LZ, which shows that L is a 
complete sublattice of ZL P,(S). 

To show that L is isomorphic to a partition lattice of type n-m on S-M we 
observe that after the removal of the set M any two blocks of an element in 
L can have almost n — m — 1 points in common. Thus any element of L can 
be considered as a partition of type » — m on S — M and to every partition 
of this type there corresponds a unique element of L P,,(.S). Since this one-to- 
one correspondence is order-preserving we conclude that ZL is isomorphic to 
L Py-m(S — M). 


THEOREM 4. L P,(S) is complemented. 


Proof. L P,(S) is known to be complemented. We shall give a general 
proof for » > 1 which ‘will include the cases previously proven for n = | 
and 2. To construct a complement for a partition P of L P,(S), P ¥ I, 0, 
we let A be a subset of S such that A has at most m points in common with 
any block of P. The collection of all such sets forms a partially ordered set 
under set inclusion and by the Maximal Principle it follows that there exists 
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a maximal element in this partially ordered set. Let us denote this maximal 
set by M and let us consider the partition {4} whose only non-trivial block 
is M. We first observe that {1} (\ P =0. We shall now show that {M} UP =I. 
Let the block of {17} UV P which contains M be denoted by K. Then { M} U P 
consists of K and the blocks of P which are not contained in K. But this will 
be shown to imply that K = S. If there should exist an x in S and not in M 
then, recalling that M was a maximal set, there must exist » + | distinct 
elements x, X1, X2,...,X, Which are in M y {x} and some block B of P. But 
then x), Xo,...,X, are in K and B and therefore B C K. Thus x is in K 
and we conclude that K = S. Which proves that L P,(S) is complemented. 

We observe that the complement of P which was constructed in the previous 
proof has only one non-trivial block and that we can construct this block 
so that it contains any m prescribed points of S. Thus if P is not the zero 
or the unit element of LZ P,(S) it contains a block which contains at least 
n + 1 distinct elements. We can pick two distinct sets of m elements from this 
block and for each set construct a compiement of P whose non-trivial block 
contains this set. It can be seen that these complements are distinct. Thus 
we have proven the following result. 


Coro.iary |. If P in L P,(S),n > 1, has a unique complement then P = 1 
or 0. 


COROLLARY 2. L P,(S) contains a sublattice isomorphic to a Boolean algebra 
and every element of L P,,(S) has a complement in this sublattice. 


Proof. The corollary holds for » = 0. Otherwise we know from Theorem 3 
that the set of elements of L P,(S) whose non-trivial blocks contain the fixed 
set consisting of m distinct elements aj, d2,..., a, forms a sublattice L which 
is isomorphic to a Boolean algebra. On the other hand, we know from the 
preceding remarks that every element of L P,(S) has a complement in this 
sublattice. This completes the proof. 


Let us now investigate the homomorphisms of L P,(S), n > 1. 


Am 


THEOREM 5. There are only trivial homomorphisms of L P,(S), n > 1. 


Proof. In (1) Ore showed that L P,(S) has only trivial homomorphisms. 
This will be shown to imply that L P,(S), » > 1, has only trivial homo- 
morphisms. To see this we recall that if @ is a homomorphism on a point 
lattice which identifies at least two distinct elements then at least one point 
has to be mapped into the zero element. Thus a point P of LZ P,(.S) has to 
be mapped into the zero element. On the other hand, by Theorem 3 we know 
that there exists a sublattice ZL of L P,(S) which is isomorphic to L P,(S 
and which contains P. But then @ identifies two distinct elements of L > L 
P,(S — M) which implies that all elements of L are identified. Thus, since 
the zero and unit elements of Z and L P,(S) coincide, we conclude that all 
elements of L P,(S) are identified. 
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THEOREM 6. The group of automorphisms of L P,(S) is isomorphic to the 
symmetric group on S if S consists of more than n elements. 


Proof. The result has been shown to hold for » = 0, 1, 2. Our proof will 
hold for » > 1. We note that any automorphism of L P,(S) has to map an 
element of the form {S — p}, p in S, onto some other element of the same 
type. This induces a permutation on the set S and clearly to every permu- 
tation on the set S there corresponds an automorphism of L P,(S). Further- 
more we know that every element of LZ P,(.S) can be written as a union of 
intersections of elements of the form {S — p}. Thus we conclude that the 
group of automorphisms of L P,,(S) is isomorphic to the symmetric group on S, 

In previous research and in this paper, it was seen that the concept of a 
geometry and the lattice of subspaces of this geometry does appear in many 
mathematical investigations. We shall now show the connection between the 
non-trivial polygons in the geometry G and the complete homomorphisms of 
the lattice of subspaces of G. 

We shall call a line / of G non-trivial if / consists of more than two points. 


Let us call a set of non-trivial lines /;, 2, ... , 1, a non-trivial polygon if, con 
sidering {li}, {le},..., {1} as partitions of type one on S, we have {/,} 
J {h}U...U fh} = faviev...vil,}. It can be seen that the non-trivial 


polygons induce an equivalence relation on the points of the geometry G if 
we define a and 6} to be in the same equivalence class if and only if @ and 6 
can be connected by a non-trivial polygon. 


THEOREM 7. There is a one-to-one order preserving correspondence between 
the complete homomorphisms of the lattice of G and the subsets of the equivalence 
classes defined in G by the non-trivial polygons. 


Proof. Let S consist of three or more elements. Then the lattice of sub- 
spaces of the geometry G on S, which has only one line / = S has only trivial 
homomorphisms. Note that if S = {p:, po,..., D,} then the lattices of sub- 
spaces is |S > pi, po,..., Pn > o}, but this lattice is known to have only 
trivial homomorphisms. This implies that if a point p of any geometry G 
on S is mapped into the zero element by a homomorphism @ then the points 
on any non-trivial line which contains p are mapped by @ into the zero element. 
But then all the points contained in the equivalence class, induced by the 
non-trivial polygons of G, which contains p are identified with the zero element. 
Thus every homomorphism @ has to map all the points contained in a subset 
of the equivalence classes into the zero element. Conversely, to every subset 
of the equivalence classes there corresponds a homomorphism which identifies 
all the points in these-equivalence classes with the zero element. Since every 
complete homomorphism @ on a complete point lattice is uniquely defined by 
the set of points which @ maps into the zero element we see that we have 
established a one-to-one order preserving mapping between the complete 
homomorphisms and the subsets of the equivalence classes. 
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The previous proof implies further the following result. 


COROLLARY 3. The laitice of complete homomorphisms of the lattice of sub- 
spaces of G on S is isomorphic to the Boolean algebra on the set of equivalence 
classes on S induced by the polygons of G. 


Finally we observe that any two complete homomorphisms on the lattice 
of subspaces of a geometry G permute. 

So far we have characterized the complete homomorphisms of the lattices 
of subspaces of geometries. It remains an unsolved problem whether there 
are any incomplete homomorphisms in these lattices and if so how can these 
geometries be characterized. Furthermore, an interesting problem is to 
determine which geometries have complemented lattices of subspaces. Cer- 
tainly one of the most interesting unsolved problems in lattice theory is 
Birkhoff's (4) problem number 48 which can be stated as follows: Is every 
finite lattice isomorphic to a sublattice of ZL P:(S) for some finite set S? So 
far we know by (2) and Theorem 3 that every finite lattice is isomorphic to 
a sublattice of LZ P,(S), S finite, n > 2. 
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CONCERNING BINARY RELATIONS ON 
CONNECTED ORDERED SPACES 


I. S. KRULI 


1. Introduction. In a recent paper Mostert and Shields (4) showed that 
if a space homeomorphic to the non-negative real numbers is a certain type 
of topological semigroup, then the semigroup must be that of the non-negative 
real numbers with the usual multiplication. Somewhat earlier Faucett (2) 
showed that if a compact connected ordered space is a suitably restricted 
topological semigroup, then it must be both topologically and algebraically 
the same as the unit interval of real numbers with its usual multiplication. 

In studying certain binary relations on topological spaces there have become 
known (see, in particular, Wallace (5) and the author (3)) a number of prop- 
erties analogous to those possessed by topological semigroups. Because of 
these analogous properties between relations and semigroups the author was 
motivated by the general nature of the Faucett and Mostert-Shields results 
(that is, that the multiplication assumed turned out to be the same as the 
usual multiplication) to feel that certain relations on a connected ordered 
space should turn out to be the same as the orders whose order topologies 
are the topology on the space. (Eilenberg (1) showed, among other things, 
that a connected ordered space consisting of more than one point can be 
endowed with exactly two orders whose order topologies are the topology on 
the space, and these orders must be dual to each other.) The main result 
of this note is a characterization of these orders as reflexive transitive relations 
satisfying certain topological restrictions. As an immediate consequence of 
this characterization there is Faucett’s result (2, Lemma 2) that if a compact 
connected ordered space S is a topological semigroup with zero, if the zero 
is an endpoint, and if each element of S has a left unit, then the binary relation 
on S, 

f(a,b)ESXKS\|a€e SD}, 


is one of the two orders on S whose order topologies are the topology on S. 


2. Preliminary definitions and results. Throughout this paper it is 
assumed that X is a set consisting of more than a single element. A set L will 
be called a relation on X provided L C X X X (the dual of L will be denoted 
by o L), and (X, L) will be called an ordered set provided L is reflexive, transi- 
tive, antisymmetric, and satisfies the requirement that if x,y © X then 
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(x,y) € Lor (y,x) € L. If (X, L) is an ordered set, the usual terminology 
regarding lower bounds, upper bounds, infima, and suprema with respect to L 
of subsets of X will be used. If X is a topological space, then X will be called 
an ordered space provided there is such a relation L on X that (X, L) is an 
ordered set and the order topology induced by L is the topology on X. 

If L is any relation on the topological space X, the following terminology 
and notation (in which, as throughout the paper, * is used to denote topo- 
logical closure) will be employed: 

(1) if x € X then L(x) = {y € X| (y,x) € L}; 

(2) if A CX then L(A) = Uf{L(a) \a € A}; 

(3) L will be called continuous (monotene) provided L(A*) C L(A)* for 
each A C X (L(x) is connected for each x € X); 

(4) If k € X then & will be called L-minimal provided whenever x © X 
and x € L(k) then k € L(x); the set of L-minimal elements will be denoted 
by K;z; 

(5) L will be called closed below (closed above) provided L(x) (¢L(x)) is 
closed for each x € X; 


(6) if B C X then B will be called an L-ideal provided B # and L(B) C B. 


LemMA. Let (X, R) be a connected ordered space, and let L be a reflexive 
monotone continuous relation on X. If x © X — Ky, then either L(x) C R(x 
or there exists y © R(X) — x such that x © L(y). 


Proof. Suppose y € R(X) — ximpliesx € X — L(y). ly € R(x) — xand 
if L(y) Z R(x) — x, then there exists z € L(y) such that x € R(z); thus 
since L is reflexive and monotone x € ¢R(y) (\ R(z) C L(y), a contradiction 
of the supposition. Therefore y € R(x) — x implies L(y) C R(x) — x, and 
it follows that L(R(x) — x) = R(x) — x. Hence from the reflexitivity and 
continuity of LZ one has 


L(x) C L(R(x)) = L((R(x) — x)*) C L(R(x) — x)* = (R(x) — x)* = R(x), 


which completes the proof. 


COROLLARY. Let (X, R) be a connected ordered space and let L be a reflexive 


transitive closed above monotone continuous relation on X. If x © X and if 


inf oL (x) exists but does not belong to Kz, then L(x) C R(x). 


Proof. Let x € X and suppose L(x) Z R(x) although x» = inf ¢L(x) exists 


and x» € X — K,. By the lemma x» € R(x) — x, and x» € L(x) since L 
is closed above. Thus L(x») Z R(xo) so that again using the lemma, there 
exists z € R(xo) — xo such that x» € L(z). Because L is transitive it follows 


that x € L(z), that is, z € oL (x); therefore x» ¥ inf ol (x), a contradiction. 
Hence it must be true that L(x) C R(x). 


3. Main result. It is well known that if L is a transitive closed below 
relation on the 7, — space X and if A isa compact L-ideal, then A (\ K, # ¢. 
This fact will be used in the proof of the following 
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THEOREM. Let (X, R) be a connected ordered space, and let L be a relation 
on X. If L is reflexive, transitive, closed above and below, monotone, and con- 
tinuous with K, = Kp or Ky = Ker, then L = R or L = oR (not necessarily 
respectively). The converse is also true. 


Proof. The truth of the converse is obvious. The proof of the first statement 
is divided into two cases. It is assumed that K,; = Kp, for a completely dual 
proof holds in the dual case. 


Case 1: Ky, # . Then Kg consists of a single endpoint of X, say e. It will 
be shown in this case that L = R, and for this it suffices to show that 
L(x) = R(x) for each x € X. Let x € X. If x =e, then e = Kp = K, 


implies L(e) = e = R(e). Suppose x #e, and let x» = inf eL(x). Then 
xo © oL(x), so that if x» = e then x € L(e) = e, a contradiction. Hence 
ty * e and by the corollary L(x) C R(x). Therefore since L(x) is closed 
and R(x) is compact, L(x) is a compact L-ideal and thus e = L(x) (\ Ky. 


From the monotonicity of L it follows that R(x) C L(x), and hence L(x) = R(x). 


Case 2: Kr = ¢. 

(i) oL is monotone. To see this let x € X and suppose that oL(x) is not 
connected. Then there exists c € X — oL(x) such that A = oL(x) (\ Ric) 
and B = oL(x) (\¢R(c) are both non-void. Thus a = sup A and b = inf B 
exist, and it is easily seen that a,b © oL(x) and 


U = (¢R(a) (\ R(b)) — fa, b} C X — oL (x). 


Clearly L(U) is connected so that a,b € X — U implies L(U) C U, that 
is, U is an L-ideal. But because L is continuous, U* is a compact L-ideal 
and thus meets K,, contrary to hypothesis. Consequently, ¢L(x) is con- 
nected and oL is monotone. 

(ii) For each x € X, either L(x) = R(x) or L(x) = cR(x). Let x € X. It 
suffices to show L(x) C R(x) or L(x) C oR(x), for if L(x) C R(x) but L(x) 
# R(x), then L(x) has a lower bound and is thus a compact L-ideal, implying 
K, # ¢; and similarly, if L(x) C ¢R(x) then L(x) = ¢R(x). Suppose now 
that L(x) Z R(x). If oL(x) has a lower bound, then inf ¢L(x) exists and by 
the corollary it follows that L(x) C R(x), contrary to supposition. Therefore 
the monotonicity and reflexitivity of ol give R(x) C oL(x). If cL (x) also 
has no upper bound, then X C oL(x), implying x € K, = @. Let xo = sup 
oL(x). (Note that x» # sup X, for if x» = sup X then X C oL(x).) Then 
aL (xo) C R(xo) and hence L(oR(xo) — xo) C oR(xo) — xo, whence it follows 
that L(x) C L(x) C L((eR(xo) — xo)*) C L(aeR(xo) — xo)* C (eR(x0) — xo)* 
C @¢R(xo) C cR(x). 

(iii) If y € L(x) =-R(x), then L(y) = R(y). For y € L(x) implies 
L(y) C L(x), and hence L(y) has no lower bound since L(y) is a closed 
L-ideal and K, = ¢. Therefore (ii) implies L(y) = R(y). 

(iv) If y € L(x) = oR(x), then L(y) = cR(y). The proof is similar to that 
of (iti). 
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(v) L Ror L = oR. Let A = fa € X| L(a) = R(a)} and let B = {bd 
X | L(b) = cR(b)}. Suppose L ¥ oR. Then from (ii) and (iii) it follows that 
A is connected and non-void. If A has no upper bound or if it has an upper 
bound which is also sup X, then A = X and L = R. If A has an upper 
bound which is not sup X, then let a) = sup A. It follows from (ii) and (iv) 
that B is connected and non-void; and using the continuity of Z and the 
supposition K,; = ¢, it is not difficult to verify that ay € A (\B. But in 
order that A (\ B # 9, it must be true that X consists of a single point, 
contrary to hypothesis. Hence L = R, and the proof of the theorem is com- 
plete. 


4. Examples. A reflexive transitive relation satisfying all but one of the 
hypotheses of the theorem need be neither R nor ¢R. That this is indeed a 
fact is proved by the following set of examples in which X is, or is a subset of, 
the real numbers, and R = {(x,y) © X XX /xS y}. 


Example 1. Let X be the real numbers, and let L = {(x,y) © X KX 
x|S y}. Then L is a reflexive transitive monotone continuous relation with 
closed graph (hence closed above and below), but K, = {0} # Kp = = Ker 
and R# L# oR. 


Example 2. Let X and L be as in Example 1, and let M = cL. Then M 
is a reflexive transitive continuous relation with closed graph, and Ky = ¢ = 
K pr. However M is not monotone, and R # M + oR. 


Example 3. Let X be the real numbers, and let L = {(x,y) € X KX 
xsSsySO} Ul(x,y) © XK X|\08 y S x}. Then L is a reflexive transi- 
tive monotone relation with closed graph, and K, = ¢ = Kp. However 
R # L # oR and L is not continuous. 


Example 4. Let X be the set of real numbers x such that 0 < x S 1, and let 
Li = {(x,y) CX XX\xSy<UU{(, Dd}. 


If Le = oL, then both L; and L» are reflexive transitive monotone continuous 
relations. Further, L; is closed below and Lz is closed above, but L; is not 


closed above and L> is not closed below. Also 
Kr, - Ky, = {1} = Ker 
although R # L; ¥ oR and R # Le # oR. 


5. Concerning a possible generalization. Let it be said (see Eilenberg 
(1) that a topological space X can be ordered provided there is a relation L on 
X such that (X, L) is an ordered set and the sets defined as open by the order 
topology are open in X under its original topology. It would be interesting 
to know if in the above theorem it is possible to replace ‘‘ordered space” 
by “‘space which can be ordered”’ and still have a true statement. 
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ON A CLASS OF OPERATORS OCCURRING IN THE 
THEORY OF CHAINS OF INFINITE ORDER 


C. IONESCU TULCEA 


Introduction. Let 7, E be two sets and TC $(7),’ EC BL) two 


tribes. For every m © N* denote by £" the product E''::--” and by @ the 
tribe &'!---"’. For every x € E let u, be a mapping of T into 7. For 
x = (x,...,%,) © E" define u, = u,,0...0u,, and suppose that { (t,x, ... , X,) 


Uir,,....2,)(t) € A} € FT @ & for all m € N* and A € fF. 
Let I be the Banach space of functions defined on 7, real-valued, bounded 
and T-measurable with norm 
\f\| = sup |f(t)|. 
eT 
For any sequence S = (d,)ney* Of positive numbers, denote by Mts the part 
of YM consisting of the functions f satisfying the inequality | f(u,(t,)) - 
f(u,(tz))| < a, for every n N*, x € E* and ht, te € T. 
Let p be a real-valued function defined on T X € having the properties: 
(1) 0 < p(t, A) < p(t, E) = 1 for (t, A) € TX &; 
(2) A — p(t, A) is a completely additive measure for every ¢t € T; 
(3) t+ p(t, A) belongs, for every A © ©, to the same set Ws, where 
S = (d,)new* is such that 
> a, < @. 


neN* 


Define on IN the operator U by the equality 


Uf(t) = J 2. dx)f(u,(t)). 


U is a linear operator of norm one which maps Yt into Yi. Operators such as 
U occur in the study of certain stochastic models, especially in the theory 
of chains of infinite order (1-4; 6-10; 12; 14; 15). In this paper, under supple- 
mentary hypotheses, two ergodic properties of the sequence (U"),.<y will be 
proved. Under restrictive conditions it will be shown that the functions 
t— p(t, A) are conditional probabilities of a stationary mixing stochastic 
process (8, Theorem 6). Two other results, a non-homogeneous ergodic theorem 
and a central limit theorem, will also be given. 
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1. For every n € N let p,,, be the function defined on T XK @ by 


Pinlt, A) = J pit, dx.) | ha | P(Mie,.....20-1)(¢), EXn) Oa (X12, .. 5! s), 2>1 
E Kg E 
Pr 2 = P, i= l 
For any bounded sequence C = (c,)new* write C = (Z,)new* where 
t%=4)> a,+supc,, n € N*. 
jn jon 


The following three results will be needed below: 
(i) for every n © N*, p,., has the properties (1) to (3) if we replace & by 


@ and S = (ay) new* bv 
( a a,) ; 
ke j<kin ken*® 


(ii) for every n € N*,m€ N* and f € Mt € T, 


uvr"s(t) = | Pin(t, dx)U"f(u,(t)); 
e/ Rr 
(iii) if f € Me where C = (cy)xey* then, for every nm © N*, U"f © Mayra. 


2. Let us say that p satisfies condition (K) if there is on € a completely 
additive measure u, with value one on the whole space, and a constant \ > 0 
such that p(t, A) > Au(A) for every (t, A) € T X &. 


THEOREM 1. /f p satisfies condition (K) and f © Me where C = (Cn) new* has 
the property 
lim c, = 0 


Ron 
then there is a constant function Uf and a constant 0 < h = he < 1 satisfying 


for every n © N* the inequality 


(4) UF — UF < |Ifll* inf (./( — kh) + 2h). 


l<sen 


Choose an r © \V* such that 
ym a,<i 


and for every n € N* let wu, = w'@®... Ou" where wp! =... = uw" = w. For 
any m € N* and (t, A) € T K @ let u,(t, A) = w, (A) if n <r and 
My (t, A) - | us(de) f Pin (tu Z1. ze) (t), d(Xr41, - » » Mad Oa, «- +» Ka) 

E’ Et-r 
if m > r. From the choice of r and property (i) it follows that |u,(t,, A) — 
n(te, A)| < 4 for any n V*, t,t € Tand A € @*. Using this inequality and 


condition (K) we obtain 


(5 Pi n(ty, A) > dpa (ti, A) > A’ Uy (te, A ie Ay’. 
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For every n € N*, th, 42 € T and A € @", write gq(ti, t2; A) = pin (ts, A) 
— Pin(te, A). Let P,Q be two disjoint @-measurable sets whose union is 
E*, such that 9, (ti, #2; A) > 0 if A C P, and q,(ti, te; A) < 0 if A C OQ; we 
have then 


B = @Qa(ti, te; P) = Gu (te, t1; Q) 


because 9g, (t:, t2; E") = 0 (P,Q, and B depend on n € N* and ft), te © T 
Using the inequality (5) we obtain 


(6) B < inf (1 — pin(ts, P), 1 — pinltr, Q)) Ch = 1 — 4A’. 


Let us write the difference U"f(t;) — U"f(t2) in the form 


(7) | Q(t, ta; de) U™f(ue(ts)) + | P1, s(te, dx)(U"~*f(u,(ti1)) — U" 'f (uz(te))) 
E* E* 


where 1 < s < n. The second term in the sum (7) is less than or equal to 
| f \\*z,. If B #0, the first term in the sum (7) can be written as 


B({ (qs(ts, t2; dx) /B)U" “f(u,(ts)) — | (ats 43d) /B)U™-Y(e(ts))) 
P ~“@qQ 


and it follows from (6) that it is less than or equal to h(f*-* — {"-*). This 
inequality is obviously true if B = 0. Here, for every k « NV, 
f* = sup U'f(t), f* = inf U'f(). 
eT wT 
We obtain /* —/ 


— f" | f \\*@, + h( f-* —f*-*"). Hence for every integer 
p > 1 such that ps 
< 


< 

< nt, 
(8) jp —f f\|\FU +h+... + Ye, + (fr — fr"), 

If we remark that the sequence (f™) new is decreasing and that the sequence 
( f")aew is increasing, then the existence of Uf and the inequality (4) follows 
from (8). 


Remarks. 1° Denote by 2%; the union of the sets M- where C = (c,)new* 
has the property 
lim c, = 0. 


n~<c 


M, is a linear space and U” is a linear form on M. 


2° For every n € N*, k € N* let us define the function p*,, on TX @ 
by the equalities: p*,, = pi. if k = 1, and 


Pin(t, A) = pe. dx) pin (uz(t), A), (t,A) € Tx €" 


E 


if k> 1. If we write E° X A = A, then for every n, k € N*, t € T and 
AE @&, pint, A) = Pinse-i(t, E*—' X A). 
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We deduce from Theorem | that for every n € N* there is on G" a measure 


Pp” 1.2, completely additive and with value one on the whole space, such that 
(k > 1) 


(9) lpn’ '(t, A) — pPa(A)| < inf (6 ; = =* 2x*”-) 
lessee joe l—A 


3° If for any n € N*, a, = a", c, = c* where 0 < a, c < 1, then the second 


member in the inequality (4) is dominated by || f ||+A, exp (— ¢\/n) where 
A, = A;(a,c,) and g = g(a,c, A) > 0. 


3. Let us suppose in this paragraph that E£ is a finite set, and that for 
every n € N* and ¢ € T there is x € E" and t, € T, such that u,(t,) = ¢. 
Under these hypotheses we can prove: 


THEOREM 2. For every f © Mt; there is a function Uf © M, which satisfies 
the equality 


(10) im | |2 5 vy - uy| = 0. 
j=l 


n+ 


Let t) € T and denote by 7» the set {u,(tc) |x € E",n € N*}. As Ty is 
denumerable, there is a strictly increasing subsequence of N*, (m,) »v* such 


that the sequence 
(4 > uy) 
Ns tml 1<j<e@ 


is convergent for every t € T». Using property (iii) we deduce that there 
exists a function Uf € 2, satisfying the equality 














lim ||2 >* uy — us| | =0. 
fro | 1%; tmnt 
As | U’|| = 1 for every 7 © N, the mean ergodic theorem of Yosida and 


Kakutani (16) implies (10). , 
U® can be extended uniquely to the closure of Qt, in M, Mt, and (10) 
remains valid for f € Ma. 


4. For any n € Z let p, be a real-valued function defined on T XK &, having 
the properties: 

(11) 0 < p(t, A) < palt, EZ) = 1 for (t, A) € TX &; 

(12) A — p,(t, A) is a completely additive measure for every ¢ € 7; 

(13) t — p,(t, A) belongs, for every n © Z and A € &, to the same set Mt, 
where S = (ay)zew* is such that 


mm < @, 


nen*® 


For every n € Z define on 2 the operator U*-'* by the equality 


u(t) = fpatt, dx fet). 
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For (n,m) € 3 = {(n,m)\n € Z,m€ Z,n < m} write U*-*™ = U*"*'o... 
o U™"'* if n < mand U":" = J if m = m. Let us say that the family (p,)nez 
satisfies condition (K) if there is on € a family (u,),.z of completely additive 
measures, having value one on the whole space, and a constant \ > 0 such 
that p,(t, A) > Au,(A) for every (t, A) © T KX Eand n € Z. By an argument 
similar to the one used in the proof of Theorem 1, but somewhat more in- 
volved, we can obtain: 


THEOREM 3. If the family (pa)nez satisfies condition (K) and f € Me, then 
there is a constant 0 < h = he <1 satisfying for every (n,m) € 3, n < m, 
and t;, t, the inequality 


(14) |U*"f(t:) — U""F(te)| < |W fil* inf (,/Q —az) + arr’). 


1<s<&m—n 


Here C does not necessarily satisfy any supplementary condition. 
If the sequence C = (c,)n«v* is such that 


lim c, = 0 


n 2x 


then it follows from (14) that 
lim (U""f(t:) — U*'"f(te)) = 0 


m—NR op 
uniformly with respect to ¢,, t2 © T and f in a given bounded part of Me. 
5. Suppose now that: 


(15) E is metric complete and separable and € is the tribe of Borel parts 
of E; 


(16) T = E-* and T = ©” where — N ={..., — 1,0}; 
(17) us, x € E, is defined on T by: u,((... , x-1, X0)) = (..., Xo, X). 


For every (n,m) € 3 define the function p”,,, on €'":::-*™ by the equality 
(we identify €*"*' with E'*-----™): p°, (A) = P™1.m—n41(A), and for every 
(n,m) € 3 and r € N* define the function p’,,, on TX €'*:::-™ by: 
Pum’ (t, A) = Pim—n+1'(t, A). 


THEOREM 4. If p satisfies condition (K), then there is one and only one 
stochastic process (E*, €*, p*) such that the equality 


(18) b* {pravi(A) |pri....ni(w) = t} = p(t, A) 


is satisfied almost everywhere for any n © Z and A © ©. The stochastic process 
(E?, &, p”) is stationary and strongly mixing. 


Let us remark that if (, m), (n’, m’) € 3 and 
prin’.....m’\(B) = prin.....my(A) € & 
then 
Pam(A) = Pr.m(B). 








Sl 
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Hence there is one and only one stochastic process (£7, €?, p”) such that 
Pp? (pr in,....mi(A)) = p@am(A) for (n,m) € 3B and pr-'in, .mj(A) € €*. Hypo- 
thesis (15) is used here only. We leave to the reader to verify that the process 
is stationary. 

For every (s,m) € 3 let us define the function /,,, on E'*::-*™ &K € by 
the equality p,._(x, A) = p(u,(to), A) where to € T is a fixed element. For 
n<s<qm,A€ Gand M€ &":----™ we have then 


| 97(dw)p(or, m\(w), A) = O10 m— 541 + | p7(do)p, m( PT ts, mi (w), A) 


= 0085-541 +f Pu.m (EX) BP s.m(Xs.m: A) = O1bm—s4i + im | Pa*a(t, dx) By m(X, | 
M ls M 


mi(M), \@:| < 1, and 
Sem = (%,,..., Xm) if © = (x_’,...,%m) and 8’ <s < m. For anyreé Z 


where the first two integrals are taken over pr 


| pratt, dX) B sm (Xo,m A) = J Pa—r mit, AX) D5. m (Xs m A) 


Mir) 
- 92h m—s+1 + Pa—r.m(t, dx) p(u,(t), A )= 020m. s+1 + Parosi(t, M x 4 ) 
Mir) 
where M(r) = E'*-':---*-' & M, and |6.| < 1. It follows that 


j p* (dw) p (pri. m}(@), A) = O30. s+1 + lim Pn m+i(t, M x A ) 
-= Osm—s+1 + Pr m+i(M x A) = O30m—s+1 + p* (prin: m)(M) ft) Primsi(A )), 


the integral being taken over pr-';,.m)(M), and |6;) < 2. But 
il 1 win’,....9—2) oe ee 
Prin.....m)(M) = prin,...w(E °°" XM) ifn’ <n: 
hence s can be allowed to tend to — © in the above formula. It follows that 


(18) is satisfied almost everywhere. 

Suppose now that (E%, &”, p) is a stochastic process such that the equality 
Pi pr-n41(A)| pr... nj (w) = t} = p(t, A) is satisfied almost everywhere for 
any nm € Zand A € &. Then for (n,m) € 3, r > 1 and A € &""::::*™ we have 


n—1} 


- sin—r - 1 
j Pde) Pn—r.m (PT \....n—r-1)(@), E . x A) = PPT in m)(A)). 
oe Ee 
If we let r tend to © and use (9) we obtain p(pr-';,.my(A)) = DP? (Pr n,m 
(A)); therefore p = p?”. 
It remains to prove that (£7, G7, p”) is strongly mixing. For this it is 
sufficient to show that 


lim p7(7"(A) (\ B) = p7(A)p7(B) 
for every A = pr-';,.(A1) € 7 and B = pr“, (Bi) © ©. But if we 
remark that 7"(A) = pro';-n.....2-n}(A1) we obtain that 


lim p*(r"(A) 1) B) = lim | p* (des) 9-041. (9"1....0-0)(@), BO KB) 
Roa Rooco T*™(A) 
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is equal to p*(A)p*(B). Hence the process is strongly mixing and so the 
theorem is proved. 


6. Let us suppose that the conditions under which Theorem 4 has been 
proved are satisfied and also that 


i 
> nf } 2,) < @, 
n> jovn 

Let f be a function. real-valued, €’-measurable, defined on E’. For every 
n € N* write f, = foprian,...ntr—1; (we identify E:---"*+"-" with E’ and 
g'*----"+7-1) with &"). We have then: 


THEOREM 5. Suppose E(f:) = 0 and E(\f |\*) < @ for an a > 2. Then: 
(j) the series 


D = E(f,*) +2 2 EUhifise) 


converges absolutely and, forn— ~, E((fi +...+ f,)?/n) = D+ 0 (1/n): 
(jj) if D # 0 we have uniformly in a 


(19) lim pt( at. +f) < s) = (1/(2"D)*) . exp(— t’/2D)dt. 


The expectations are calculated with respect to the measure p*. Once the 
existence of the stationary process (E?, &”, p”) is established, the theorem 
can be obtained by the method used by Doob to prove the central limit 
theorem for Markoff process (5, 221-32). We shall not give details here. 


7. The first explicit and systematic study of chains of infinite order was 
made in (15). The transition probabilities of the chains studied in (15, 6-11), 
as well as the transition probabilities of chains of type (A) introduced in (4) 
and of chains of type (B) introduced in (2), (3), and (4) satisfy conditions 
(1)—(3). It follows that the theorems A and D (2), the ergodic theorem 
proved in (15, 6-11), the formulas given in (4, 139) (the evaluations are 
slightly different from those given by formula (9)), and the theorem J;, (6, 
423-6) (in the case when |¢,| < 1 for every 7) are particular cases of Theorem 
1. The convergence property of the transition probabilities, established in 
Theorem II, (4, 137) is also a consequence of Theorem 1. For chains of 
type (A) some stronger results, expressed by formula (22), are valid. Under 
different conditions the C, convergence of the sequence (p'1.,);«v* has been 
proved in (8, Theorem 6,c). This result is not contained in, nor does it contain 
the one proved in Theorem 2. If £ is a finite set, results similar to Theorem 4 
are given in (8), under weaker conditions. Various kinds of central limit 
theorems, having points of contact with Theorem 5 have been given in (2; 


3; 7; 14). 
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8. Suppose now that 7 is a compact metric space, T the tribe of Borel 
parts of T and p a real-valued function defined on T X € having the proper- 
ties (1), (2) and: 

(20) \p(ti, A) — plte, A)| < Kd(th, te) 


for every A € € and t,t. € T. Suppose further that there is a constant 
0 <r <1 such that 


d(u,(t), uz(te)) < rd(ty, te) 


for any x © E and t;, te © T. It follows then that p satisfies condition (3) it 
we take a, = Mr", where M = K X diameter of 7, for every n € N*. 

Denote by €¥% the Banach space of complex-valued functions defined on 7 
satisfying the Lipschitz condition, the norm being given by || f ||; = || f|| + m(/) 
where || f || = supzer| f (é)| and 

, | f(t) — f(ée) | 
a(ff)= up ——- . 
VW) rm 4 d(ty, te) 

We remark that the real and the imaginary part of every function f ¢ CY 
belongs to Mixys where S = (a,)nev; in particular they belong to M,. Define 
the operator U on CY by 


(21) Uf(t) = J p(t, dx)f(u,(t)). 
EK 


Then (12; 13) U maps CL into CL, U is quasi-compact, the sequence 
({!U"\\,)new is bounded and 1 is a characteristic value of U. 

It follows from Theorem | that if p satisfies condition (K), then for every 
f € CY the sequence (U"f),. converges uniformly to a constant function 
Uf. But this result implies that the only characteristic value of U of modulus 
one is 1 and that this characteristic value is simple. Using the properties of 
U’ mentioned above we deduce that there are two constants M and » > 0 
satisfying the inequality 


M 
(22) U* — U” es 
| lh< (1 +>) 

for every n © N*. 

The operator U can be defined by formula (21) also for f € &. For every 
n © N*, ||U"\| = 1. As €& is dense in G, it follows that U® can be extended 
uniquely to ©, and that 
(23) lim ||U"f — Uf\| = 0 for every f € &. 


This proposition contains some results proved in (9, §6). 

Let us make one more remark. Suppose, in addition, that 

(a) E is a topological space and € contains the open sets; 

(8) the mapping x — u,(t) is continuous for every ¢ € 7; 

(y) for every open set V C T there is n(V) © N* and x(V) © E*(V) such 
that us y(t) € V for every t € T. 
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The conditions (a)—(y) are satisfied in the case of chains of type (A) (3; 
12). If p satisfies condition (K): p(t, A) > \u(A) for every (t,A)€ TXE 
where \ > 0 and u(A) > 0 for every open set A, then U is strongly positive 
with respect to the cone { f| f € Ef, f > 0}. We can then obtain’ (22), more 
directly, using a slight modification of Theorem 6.3, (a) and (c), 70-3, (11). 


9. We shall explain in this paragraph some of the notations used in the 
paper. 

For each set X, $(X) is the set of parts of X. N = {0,1,...}, N* = {1,2, 

J, Z2={...,—1,0,1,...}. A part TC P(X) is a “tribe. if =X. 
TX —-Aif EA and F>U, pA, if T > A, for every n € N. 

For every I C Z we denote by E’ the product 


I] &, 


jel 


where E, = E for j € I. By © C P(E’) we denote the smallest tribe con- 
taining the sets of the form 


jer 
where A, € € for 7 € J. 

For every real number a we write a+ = sup (a, 1). If @ is a real number 
and C = (Z,)new*, then aC = (ad,)new*. 

Tis ees mapping of E” into E” defined by the equality: r((x,)nez) = (Xn+1) ez: 


€ is the Banach space of continuous complex-valued functions defined on 
T with the norm || f || = sup..r! f(#)). 


*The details were given recently in the Functional Analysis Seminar 
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TYPICALLY-REAL FUNCTIONS 
RICHARD K. BROWN 


1. Introduction. A function 


f(s) = z+ = a,2", 


a, real, is called typically-real of order one in the closed region |z| S R if it 
satisfies the following conditions (6). 

(1) f(z) is regular in |z| S R. 

(2) .#{f(z)} > 0 if and only if .4{z} > 0. 

The same function is called typically-real of order p, p a positive integer 
greater than one, if it satisfies condition (1) above and in addition the follow- 
ing condition (4; 5): 

(2’) there exists a constant p, 0 < p < R, such that on every circle |z| = 
p<r<R, S#{f(z)} changes sign exactly 2p times. 

We shall denote the class of functions which are typically-real of order p 
in the open disc |z} < R by 7,*(R) while those which are typically-real of 
order p in the closed disc |z) S R will be denoted by 7,(R). 

In the proofs which follow we assume that all functions belong to 7,(1). 
The results will remain valid for the larger class 7,*(1) by noting that if 
f(z) € T,*(1) then f(rz)/r € T,(1) for all p <r <1 (2). 

The problem to be considered in this paper is that of determining a positive 
expresssion R, depending upon the first p coefficients of f(z) with the following 
property: 

f(z) € T,01) > f(z) T,(R,). 

In §§ 3 and 4 we will develop a recursion relationship for R,, p = 1, 2, 3,..., 
and in § 6 we will show that our definition of R, is sharp for the class of 
functions, V,7,(1) in the sense that for p = 2 it is the best possible bound. 


2. A Representation theorem. We shall first develop an integral repre- 
sentation for functions of class 7,(1), p > 1. 


THEOREM 2.1. Jf there exists a function R,_, (€2, ¢ 
property that for any function 


eee Cp-1) > O with the 


giz) =2+ > ee” € 7T>-1(1) 
we have g(z) © 7(R,_1), then given an arbitrary function 


Received April 24, 1958. 


122 








TYPICALLY-REAL FUNCTIONS l: 


to 
w 


f(z) = 2+ > az" € 7,(1) 


we can write 


9 oT 
(2.1) f(R,-w) = “| P(w, v, d) da(¢), w| <1 
0 
where 
*+ (R, 1b, — 2cos d)w +o 
P(, v, = — _—_ v7 — — =, 
\#% ©) ™ Tf — dacs } + w)(1 — 2Rp_we cosy + Rw’) 
b} = dg — 2cosy 0,0 < vy < w,c),..., Cp»: are given by (2.2), and da(¢) 


> 0 for 0 < @ < =z. 


Proof. Since f(z) © 7T,(1) we have from (3) that 


(2.2) g(z) = _— memes s f(z) - bi =z+ 7 Cat € T,-,(1), 


biz b, n=2 
where v is chosen subject to the following conditions 
(1) O<v<-. 
(2) S#{f(z)} changes sign at z = e*’. 
(3) 6b; = a2 — 2cosyv ¥ 0. 
(4) b, > 0 if p =2. 
It follows then from the hypotheses of Theorem 2.1 that g(z) T,(R,-1). It 
should also be noted that from (2.2) it follows that the R,_; of Theorem 2.1 
is a function of ae,...,a@, and ». 
Let us now compute the coefficients c, of g(z) by integrating over the path 


C: |z| = R,-1. This yields 


_ 1 f gt) 
ca 5 és 


(2.3) l 1 In@ 1¢ 
= IeRn . g(R,-1e)e “do where z = pe’. 
Adding to (2.3) the expression 


1 Qe 
>.pD 
22R,-1 0 
we obtain 
oir 


(2.4) C. = g(R,-1e) sin no dé. 


_ 
p—1e0 
If we now let g(R,_,e%) = u(R,_,e%) + iw(R,_1e%) we have, since the c, 


are real, 


: 1 oe 
(2.5) .= =f v(R,_1e”*) sin no do. 
Cn Rade (R,-1 sinngd@ 
Since, however, v(R,_,e%) > 0 for all 0 < @< # and since v(R,_1e%) = 
— v(R,_1e~*) we have 








where 
(2.6) 


Thus 





RICHARD K. BROWN 


9 or 
oa =— v(R,_1e*) sin node 
wR,-1 0 
2 20 - ; 
~ 7 a1 v(R,-1e°) sin ¢d@ =1. 


T a 
Pp 9) 
g(z) = | — v(R,_,e) sin ¢d¢ | 2 
> rR, 1 0 is 


9 Lal x si id 
= 5. Ee ie) sin @ > = () lao 
_§ i Ry-12 v(R,_1e*) sin odo ° 
TJ Ro. — 2R, cos é + 2°’ ™ 
f(z) = : { » bi Rpt dal) 
rJo (Ri: — 2R,- cos @ + 2°)(1 — 2zcosy + 2’) 
4 z 


patted 2 
1 — 2zcosvy +2 


where da(@) = v(R,_1e*) sin @ > O for all 0 < @ < =. 
Using (2.6) we can rewrite (2.7) in the form 


2 _|e° x Ry-i(R,- 01 ae 2 cos o)z. + + RK, 13] 


la 


< Re~4 


(28) J) = TR Je U1 — 2R,_wcos $+ #)(1 — 2scosy +2)" 
2| 

The transformation of variable z = R,_,w now gives (2.1). 

From (2.1) it follows that 

(2.9) ¥{P} = 4r°(1 — r*R,_,)?. D- . sin @ (cos*®@ + Bcos6+ C 

where w = re“, 

(2.10) D? = D*(a2, ... , dpi 7, v, d) 

= |(1 — 2wcos @ + w?) (1 — 2R,_1w cos vy + R,_1*w*)|? > 0 
for all R,-1 < 1, jw) < 1, 
(2.11) B= B(a2,..., ay; 7, ¥, ) 
_ KG +7° Mi = - 1° Ry i)- Sy Rell — _R>- 1) 
2r(1 —r° i + 1) j 
(2.12) C= C(az,..., Gy:7,¥, @) = 


— Ri_w’ + [KR3_1b, — K’Ro_, + 2R3_, + 26:R>_1 cos v + 1)r* 


— [KbsR,_, — K* + Rp_1 + 2b:Rp_1 cos » + 
4r°(1 — rR; 1) 





2\r° 
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and 
(2.13) K = K(az,..., Qy;7, v,@) = Ry_1b, — 2 os ¢. 


3. Definition of R,(a2,...,a,), p > 1. Given any function of the class 
T,(1) consider the equation 


oP ia 
(3.1) — = P'(w) = 0 (@2, ... , dy fixed. ) 
Ow 
Find all of the real roots w;(v, @), we (vy, d),..., w,(v, d), 1 < k < Gof (3.1). 
We then define 
(3.2) R, = R, (a2, ..+,@y) = min ja,(y, ¢))|, i=] LR, 
7@e 


where the minimum is taken over all v, ¢ satisfying 0 < @ < r, 0 < v 
We note here that P’(0) = 1, 


f\ 
4 


(33) pry) = (Rectbr + 2(1 — cos $))(Rp-1 — 4Rp-1 cos » + 3) 
2(1 — cos @)(1 — 2R,_, cos vy + R5_1)° 
and 
[- R,-1b1 + 2(1 — cos ¢))(1 — R; 1) 
2(1 + cos ¢)(1 + 2R,_, cos» + Ry_1)°’ 
It is clear then that for 0 < R,_, < 1 if Rib; > O then there exists a @ 


such that P’(— 1) < 0 while if R,d, < 0 then there exists a »v and @ such 
that P’(1) < 0. Thus if 0 < R,_, < 1 


(3.4) P’'(-—1) = 


(3.5) <1. 


4. The main theorem. From our definition of P in (2.1) and from (2.9) 
and (2.10) it is clear that any variation in the sign of .#{|P} for 0 <6<- 
must result from a variation in the sign of the factor (cos*?@ + Bcos@+ C). 
Thus, for any 0 S r S$ 1 the functions P must be members of one of the 
three classes 7;(r), 1 = 1,2,3. It should also be noted here that if for a 
particular value of r a function belongs to 7;(r), then that function belongs 
to 7,(r) for all smaller values of r. 

Next we note that if for 0 < 7, < re < 1 and fixed ao, a;,..., dy, v, and @ 
we have P € 72(r2), P € Ti(r1) and P ¢7;3(r) for any r satisfying 7; < r < rp 
then there must exist an r satisfying r; < r < r2 for which either P’(r) = 0 
or P’(— r) = 0. This follows directly from the relation .¢{P(w)} = .4{P(a)}, 
w S 1, and the analyticity of all the P in jw) < 1. 

From the definition of R, in § 3 and from the preceding paragraph it is 


clear that for fixed a2, a3,...,a, and r < R,, no function P can change 
directly from the class:72(r) to 7;(r). 
If, then, we are able to show that for any choice of de, a;,...,a),¥,@ 


there exists no r, O<r< R,, for which we have both B* — 4 <0 and 
B? — 4C > 0 we will have shown that for r < R, we cannot have P € 73(r 
and with the result of paragraph (4.3) will have established the 
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Main TuHeorem. /f f(z) € 7,(1), p @ positive integer greater than 1, then 


f(s) € Tilt) for all r satisfying 0 <r < R, (as,..., a,) = Rp: R,, where 


R, = 1 and R, is as defined in § 2. 


In the proofs which follow in this section we will assume that f(z) € 7,(1), 
p > 2, and that R,_, < 1. The case » = 2 will be treated separately in § 5. 
In § 5 we also show that R, < 1. This, then, justifies the assumption R,_; < 1, 
p > 2. 

The proof of the Main Theorem will depend upon four lemmas. In the 
proof of these we will fix a2,..., ay, v in the expressions B* — 4 = 0 and 
B*? — 4C = 0 and plot r against K. The lemmas will be used to prove that 
the general geometric configuration is that of Figure |. 
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The lemmas to be proved are: 


LEMMA 4.1. The set of points (r, K) for which B®? —4 < OandO0 <r <1, 
ts convex in the direction of the K-axis and in the direction of the r-axis. 


LemMA 4.2. The set of points (r, K) for which B®? —4C < 0 andO0 <r <1 
ts convex in the direction of the K-axis. 


LEMMA 4.3. The set of points (r, K) for which B* —4C < 0, B? —4 <0, 
and 0 <r < 1 is convex in the direction of the r-axis. 


Lemma 4.4. If for any fixed a2. a3,..., Gy, there exists a K and an r = a, 
0 <a < 1, for which both B? — 4C = 0 and B? —4=0, thna=R 


= p- 

It should be noted that the continuity of the boundaries of the regions in 
Figure | follows directly from the continuity of the functions B? — 4C and 
B* — 4 in the two variables r and K, where 0 < r < 1,0 < R,_; < 1. 


Proof of Lemma 4.1. In the proof of this lemma we assume that 6, > 0. 
The lemma remains valid for 6; <0 with obvious modifications in the 
argument. 
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(a) From (2.11) and (2.13) we note that if K = 0 then 


— rcos ¢(1 — Rp-1) 


B= es PR)" 
and therefore B®? — 4 < 0 for all O <r < 1. 
(b) For fixed az,..., dy: v,r we have 
dB_ itr 
—_— 


From (a) and (b) the convexity in the direction of the K-axis is immediate. 
(c) If r = 1 then B = 2 if 


i ie 
K =2+ "8; 


and B = — 2 if 
K =-2+ Fen 


Thus from (b) we have B? — 4 < 0 for all 


— 24 Set c K <2 4 Se, TT 
(d) For K > 0, 
iim B= + o, 
(e) For fixed az,...,a,:», K 
qB_ _ (K(t — (0 ~ P Rpa) + biRy_r(1 — Rp) (1 + 1° Ros) 
dr 2r°(1.—r is 


~ QO(r)* 


From (c), (d), and (e) we obtain the convexity in the direction of the 
r-axis of the set of points (r, K) for which K > 0, B?—-4<0,0<r<1 


(f ) dB/dr = 0 implies that 
(4.4) N(r) = KR¢_yw® — (KRS_, + 2KRi_1 + 6:R3_, — b,RS_,)r' 
+ (2KR>_, — bR,-, + 6:R3_, + K)r’ — K = 0. 


From (3.4) we have N(O) = K, N(1) = 6:R,-1(1 — R‘,_1), and the product 
of the roots of N(r) is 


Thus, if K < 0 we see that N(r) has but one root in the interval 0 < r < 1. 


(g) When K < 0 we also have the following relations: B < 0; dB/dr < 0 
for r sufficiently small, dB/dr < 0 for r = 1, and lim, »B = — o. 
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From (c). (f), and (g), we obtain the convexity in the direction of the r-axis 
of the sets of points (r, K) satisfying K < 0, B®? —4C < 0,0 <r <1. 


Proof of Lemma 4.2. (a) First we note that lim, ,.B* — 4C < 0 if and only 
if |K| < 2, while for r = 1, B? —4C > 0 for all K. 

(b) For |K| = 2, B®? —4C > 0 for al O<¢ r < 1. 

(c) Then, since B? — 4C is a quadratic in K it follows that for fixed 
ee dy, v, 7 there exist at most two values of K for which B? — 4C = 0. 


Proof of Lemma 4.3. This is immediate since if for a particular choice of 
iiss ari ay, v, d,r, we have B®? — 4C <0 then the P under consideration is 
a member of 7\(r) and from paragraph (4.2) we see that B? — 4C cannot 


2 


be greater than zero for any smaller 7, unless we have B? — 4 > 0. 


Proof of Lemma 4.4. For fixed ae,..., a,:v,@ let P = u(r, 0) + w (r, 8). 
Then, from the definition of P we have v(r,0) = 0 and v(r, x) = O for all 
0 <r< 1. Thus, o,(7,0) and v,(r,7) = 0 for all 0 <r < 1. Now if we rewrite 
(1.9) as Q(ae,..., @»:7,v,%,0) (cos? + Bcos@ + C) = Q(cos*# + Bcosé + C), 
we have, since C > 0, Q(a2,..., ay, 7, v,>,0) = 0 and Q(ae,..., a,:7,¥, 6, ) = 0. 

Any solution of the system {B*? — 4C = 0, B? — 4 = 0} is also a solution 
of the equivalent system {B*? — 4 =0, C = 1}. Letr=a,0<a<1bea 
solution of this system for some particular de, ... , a,:v, o. We have 


ve(r, 0) = (Q)(— Bsin @ — 2sin @ cos 6) + (Q¢)(cos*0+B cos 0+C) 


v-(r, 0) = (Q)(B, cos 6 + C,) + (Q,) (cos*@ + Bcos@+C) 
and, therefore, we have 
ve(a, 0) = (Qe) (1 + B+ C) Jeno v-(a, 0) = 0, 
ve(a, r) = (Qe) (1 — B — C)]o_. v,(a, r) = 0. 
Thus for r = @ either ve(a,0) = 0 or ve(a, r) = 0, since B and C are 
independent of @. This, however, implies that either P’(a) = 0 or P’(— a) = 0 
for this choice of a2,...,a,:»,¢. Thus a 2 R, follows from (3.2). 


Proof of the Main Theorem. From Lemmas 4.1 through 4.4 it is clear that 
for any choice of a2, ... , a, no function P can belong to 7;(r) if r < R,. The 
proof then follows directly from the first two paragraphs of § 4, and for- 
mula (2.1). 


5. The Class 7:(1). Because of the discontinuity of the functions (2.11) 
and (2.12) at r = 1, R,-1 = 1 the derivation of the R,, p > 2 employed in 
§ 4 is not valid for the case p = 2 in which R,_, = R; = 1. We present, 
therefore, in this section a rather simple proof of the validity for p = 2 of 
the Main Theorem. This proof is a modification of the proof found in the 
author’s paper (1). 

When p = 2 we must have ), > 0 if statement (2.2) is to be compatible 
with Rogosinski’s definition of the class 7,(1), (6). 
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. S l—, K (cos cos v) 

(5.2) C= ( oy ) — \ or ——L — cos @ COs », 

and 

(5.3 K = b; — 2cos¢@ = a2 — 2cosv — 2 cos ¢. 

Equation (3.1) takes the form 

3 , l K\* Ka; 

(5.4) (# r — ) — (cos ¢ £08» + :) =o, 0 < jw < 1. 
2w 2 4 


Solving (5.4) for w, we obtain 


(5.5) w =a+ (a? —1 + we = a — (a? — 1), w;, = b+ (& —1)}, w, = b— (BP —1)), 


where 

-2f — K LK ; 
(5.6) a= —>— + (cos ¢cosr + 1 Kaz) 

and b= — — (cos @¢cos vy + 1Ka,)’. 


From (5.5) and (5.6) it is evident that to obtain R.(as) we need only 
minimize the expression |a| — (a? — 1)4, \a| 2 1, since ja! and || have the 
same maximum value. 

The minimum of |a| — (a? — 1) occurs when |a| is maximum, that is, 
when @ = vy = r, a2 > 0 or 6 = v = O, ay < 0. Thus 
(5.7 R:(a2) = (ja2! + 3) — ((\ae| + 3)? — 1). 

We do not establish the validity of the Lemmas 4.1 to 4.4 for p = 2 since 
from (5.1) we have for fixed ae, v, and # that 

;, , 2 
, d\B Ki {r°-1 
(5.8) i— = |- ( - on | 
dr 2 | r 


for all 0 <r < 1 and 


™ d(B* — 4C) ( x) (2 - r) 
5 QO) - A .../ Se . 
(5.9) . l r rr > 0 


for all |K| < 2,0 <r <1. 
From (5.7) we see that 
max R:(a2) =3-—2 V2. 
las! 
If r = 3 — 24/2 and |B! <2 we have from (5.1) that |K| S$ 2/3. Then 
from (5.8) we see that for |K! > 2/3 and r < 3 — 2+/2 we have |B! > 2. 
Next, from (5.1) and (5.2) we have for r = 3 — 24/2, 


B? — 4C = 8(4K? — 1) + (4K + cos ¢) (4K + cos v) 
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which is readily seen to be negative if |K| < 2/3. Then from (5.9) we see 
that for r < 3 — 24/2 and |K| < 2/3 we have B? — 4C < 0. 
Thus, as in § 4, it follows that for any fixed ao, v,0 < » < x, and all 


r < R,(a,) we have P € T;(r). This establishes the Main Theorem for p = 2. 


6. Sharpness. To show that our result is sharp over U,7,(1) we give a 
function of class 7;*(1) which is typically real of order one for and only for 
|z| < R2(a2) = R(a2) as defined in (5.7). 

Consider the function 





3 2 
(6.1) f(s) = ie a, az > 0, |s| <1. 
This function is a member of 7,*(1) and 
“ey, . (8 — 1[e* + (2a2 + 6)z + 1) 
(6.2) f'(s) = (@+1)° 


From (5.2) it is readily seen that f(z) cannot belong to 7;(r) for any r 
greater than (a, + 3) — ((a2 + 3)? — 1)! = R2(ae) = Ria»). 
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CONTINUED FRACTIONS WITH ABSOLUTELY 
CONVERGENT EVEN OR ODD PART 


DAVID F. DAWSON 


1. Introduction. The purpose of this paper is to give conditions under 
which the absolute convergence of the subsequence of odd or of even approxi- 
mants to a continued fraction implies convergence of the continued fraction. 
In § 2 we consider the problem in general, and in §3 we impose a condition 
which gives absolute convergence of the odd or of the even part of the 
continued fraction and state conditions which imply convergence of the 
continued fraction. If each of a and 6 is a complex number sequence, let 


f(a) denote the continued fraction 


(1.1) 7 a2 & & 


i+ 14141 +4... 


and g(b) denote the continued fraction 


rs ee 
bt+be+bs+.... 


Let f(a) have the approximants f, and g(b) have the approximants g,, where 


(1.2) 


f, = Ap ‘By and g, = C,/D,. Then 


(1.3) Ao = 0, Ay - l, A o41 ™ A, + G,Ay-1, 
By = 1,B, = a Bos = B, + a,B,-1, qg= 3? 2 
(1.4) Co = 0, Cy = 1, Cosa = deg iC, + Cy-1, 


Do = 1, D, = by, Doss = beai1D, + Dy, qj = 12,3 


g*eee 


If db = 1, a, #0, 1/bp41 = aypdbp, p = 1,2,3,..., then (1.1) and (1.2) are 
equivalent in the sense that the two continued fractions have the same 
sequence of approximants. A well-known necessary condition for the con- 
vergence of g(b) is that the series }>|b,| diverge. Scott and Wall (2) investi- 
gated (1.1) by means of the systems of inequalities 


rijl + ai| 2 (1 + r-1)\as 
rop+ill + Gap + Gap4i| S Pap+i%2p—1\@2p| + |ap4i|, P = 1,2,3,..., 


(1.5) 


and 
(1.6) 2p l + Q2p-1 aa dep = T apf 2p—2\A2p—1 + 2p), p = l, , A 3, one 
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where 7, is a non-negative number, p = — 1,0,1,2,.... They showed that 


if the r, are subjected to certain restrictions (for example, r, = 1, p = — 1, 


0,1,2,...), then either some a, = 0 and f(a) converges, or else a, ~ 0, 
p = 1,2,3,..., and the divergence of the series >°\b,| is necessary and 
sufficient for the convergence of f(a). Lane and Wall (1) arrived at the same 
conclusion with the only restrictions on the 7, that r_; and r» be distinct from 
zero by showing that if the even and odd parts of f(a) converge absolutely, 
then f(a) converges if, and only if, the series >-|b,| diverges. This result is a 
consequence of two theorems (1, p. 371), the first of which states that if 
the even and odd parts of f(a) are convergent, the even (odd) part being 
absolutely convergent, and if the series }>\/2,_;| (the series }> /h2,|) diverges, 
then f(a) converges. Here 


1 
k= . 2 & © See: 
P 1H Gps P 
The second of these theorems states that if there is a number M such that 
f,| = M, p = 1,2,3,..., and no term of a is zero, then the two series 


> |h,| and >°\b,| converge or diverge together. The question arises as to what 
restriction can be placed on the sequence 6 which would replace the condition 
that the series >> \/2,_;| diverge in the first of these theorems. To answer this 
question by studying the relationships between the }, and h, appears difficult 
since the relationships are complicated: 


1 
bh=1, h= — hy, ae ee Pk 
bere = — he., - sem dG — Aa). - CL = Ieap-a) 
_ to+h (1 — fe) (1 — a)... (1 — ry)’ 
p = 1, 2,3, 
fess © — Baie + ee — Bo) 


(1 — hy) (1 — hg)... (1 — Prap_1)’ 

We answer this question in § 2 by studying the continued fraction (1.2). The 
result is that if {go,-:1} ({ge,}) converges absolutely and {ge} ({ge,-1}) con- 
verges, then g(b) converges, provided the series >> \b.,_;| (the series >>| b2,\) 
diverges. This result is stronger than expected in the light of results stated above. 
We use this result to construct a simple proof of a theorem of Van Vleck (3): 
If there exists a positive number k such that |Im },| S k-Re b,, p = 1, 2, 3, 
and 5, # 0, then g(b) converges if the series >> |b,| diverges. 

In §3 we turn our attention to the systems of inequalities (1.5) and (1.6). 
The two main results obtained are: 


(1) If (1.6) ((1.5)) holds, 0 < r2,. S 1 (0 < rep-3 S 1), p = 1,2,3,..., 


and there exists a positive number M such that 


M< I] rea (t< I] res) n= 1,2,3,..., 
i=1 


i=1 














~ 
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then f(a) converges, provided a contains no zero term and the series >>| b.,_; 
(the series }>/d.,|) diverges; 

(2) If (1.6) ((1.5)) holds and there exists a number r such that 0 < roy» 
Sr<1O0<ry3:S57< 1),p = 1,2,3,..., then f(a) converges absolutely, 
provided a contains no zero term. Several examples are given in connection 
with these results. 


2. Convergence of g(b). Here we study conditions which give con- 
vergence of g(b) when one of the sequences {g2,-:} and {g2,} converges abso- 
lutely. Throughout this section, theorems are stated and proofs are given for 
the case that {ge,-1} converges absolutely; the results for the other case 
follow by similar arguments. 


LEMMA 2.1. If z ts a complex number sequence and there exists a non-negative 
integer N such that the series 








converges, then z converges absolutely. 
Proof. lf i > N, then 
“ - s 
2 i+] 2 i+1 2i+1 2i+1 
exp |1 — | > 1+ iat Pad omy a | ~#t 
. 2 - Fr 
“i | “i “i | #=¢ 
Hence, if m is a positive integer, then 
z N+n ” N+n a 
N +1} ra 1 o 1} 
jet’) = ett) < [] exp j1 — =| 
2N+1 p=N+1 Zp p=N+1 p 





ll 
@ 
* 

—_ 
- 
— 
| 
iS] 
ys 
+ 
on 


where 


M = exp >> ji— ers ; 


p=N+1! Zp 


thus Zysn41, S M2yui\. Therefore, there exists a number k such that 2,| < k, 
+ P 


pb = 1,2,3,.... Thus if @ is an integer greater than V + 1, then 
] ger | 
Q a ‘ | ¢ | a.) 
~p+ “p+i| 
y ltp — Zp] = DS |z,|-}1 — ——| SR: > j1- - 
p=N+1 p=N+1 Zp p=N+1 Zp 





Therefore, z converges absolutely. 
THEOREM 2.1. If {gop-1} converges absolutely to v and the series >) \be,—: 
diverges, then there is an infinite subsequence of |g2,| which converges to v. 
Proof. Suppose { g2,-:} converges absolutely to v, the series >> ba», diverges, 
and {gs,} contains no infinite subsequence which converges to v. There exists 
an integer S such that if p > S, then D.,_, # 0. If p > Sand D2, # 0, then 
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|\Z2p—1 a i 1/ Doay-1D 99). 


Hence there exists a number & such that, if m is a positive integer, then 
|\DaziD,| < k, since {g2,} contains no infinite subsequence which converges 
to v. Suppose p > S. Then 


| |bo 1} 
2.1 — gx-1| = ett 
(2.1) |22p+1 Z2p—1| [Dap 1D -11 
If there exists a number R such that |De,,:D2,_;| < R, p = 1, 2,3,..., then 
if nm > S and m is a positive integer, it follows that 
>) | = - b> jbap+s| > L > \b 
a £2p+1 £2p—1| — [Dapr1D 2p- iq R=, |92p+1)- 


But this contradicts the fact that the series >>| b.,_,;| diverges. Thus if R > 0, 
there exists a positive integer 7 such that |Do,,,;De;_:| > R, and so either 
Deais| > R' or |Dz2,-;| > R'. Hence {Dey-1} contains an unbounded sub- 
sequence. From (2.1) it follows that if p > S and D., # 0, then 


\bap+1| |Dop|* 


(2.2) |\Z2p+1 — £2p-1| = [Daps 1D 2p) \DspD xy] , 


and so, by (1.4), 





r _ Days} _ \baptxDay| _ |bap+1| |Dap|’ 
Doy-1 Dy» 1} |DopDoy 1 
and 
| ' Dopi1 1 
\Z2p+1 — 22p-1| = i “oa [Days:Dap 





which means that 


Dap! | 
i- > | = |Dop+1D29| |g2p+1 — Sap—1| < Rigope1 — g2p-11- 
2p-1 





On the other hand, if p > S and D,, = 0, then by (1.4), Deyii: = Doy_1, and 


so 


Days! 
1-— =| =0. 
| Doy-1 





Hence the series 


> 1 _ Dusiy+s 





Da s+p)-1 
converges. Therefore, by the lemma, the sequence { D.,_:} converges absolutely. 
But this contradicts a statement proved above that {D,2,_;} contains an 


unbounded subsequence. Therefore, our assumption that {g2,} contains no 


infinite subsequence which converges to v is proved false, and the theorem 
is established. 





— 
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‘THEOREM 2.2. If |g2)-1} converges absolutely, {g2,| converges, and the series 
D\bey-1| diverges, then g(b) converges. There exists a sequence a such that the 
odd part of f(a) converges absolutely, the even part converges, and the series 
> \b,| diverges, and f(a) does not converge. 


Proof. The first part of the theorem follows immediately from Theorem 2.1. 
We now construct a sequence a as in the second part of the theorem. Let 


fay ;= ia 
jets if p is odd, 
fyn i? p = 1,2,3,.... 
‘7 if p is even, 


If p is a positive integer, let a,,2 be the number determined by 

sce Ap+2 fp — fr+2) (fp+1 — fo+s) = > — frst) (fo+2 — fers), 
and let a; = 4 and a, = — 4%. Then {f,},.:° is the sequence of approximants 
of f(a) (5). Clearly f(a) does not converge, but the odd part of f(a) converges 


absolutely while the even part converges, but not absolutely. We note that 
a,/a,| = 2. Let p be a positive integer. Then 
Gap+2( fap — Sap+2) Fop+1 — Sopa) _ (fap — apes) Pape — fapts) 
Bops1(fop—1 sacs fopr1) Sop = Sop+2) (fop—s na fon) fop+1 = fop+2) 
and so 


fapp2 — Japs} 
Soper — fopse! 


Fee - [fae — faye] |fap — fopes 


| fop- es top 


_ 9| fap — fapes faps2 — fapts| 


Bie hop 1 — fry| | fop+t — faps2' 
> 2. 


We note that if p is a positive integer, then |f2, — fs)-1| < 2, and so 


ae a | (fap-1 — fps) (Sap — fap+s) 
Ap+1! (fop—1 — foo) (fop+1 — fop+2) 
> 41 fep-1 — Soper! |fop — fopse 











Aep+1 | fop+t — fop+s 











= on \fop — fop+2|. 





Therefore, if is a positive integer, then 
| 11” 
| ~ " 
bans2| = rw 
=3}"=Troew 1 =D 7 — 
I] ay-1| O2n+1) p= 1 Ae» 1! 
al p=1 


] . 
«oy | 
> 2: ont? fon = Son+2 


— +l fon — fon+2 . 


Thus the series }>/b2,| diverges. This completes the proof of the theorem. 
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We now use Theorem 2.2. in constructing a simple proof of the theorem of 
Van Vleck mentioned in the Introduction. 


THEOREM 2.3. (Van Vleck) Jf there exists a positive number k such that 


Im 6,| S k- Re b,, oe S&S 


and b, # 0, then g(b) converges provided the series > \b,| diverges. 


Proof. Let 


Then we see that if p is a positive integer and Re u 2 0, then Re #,(u) 2 0. 
Let H denote the half-plane z + Z 2 0. If m is a positive integer, let 7,,(u 
= ftyte...t,(u). We note that 7,(/) is a circular disc and we denote its 
radius by R,. We also note that 7,,;(/7) isa subset of 7,(H), p = 1, 2,3 
We find that 


T,(u) = Cr + Cs 
‘ ~ D,w+D,' 
and 


1 1 


> ? 


Ko" 3D...” 


> Re b,|D,-1!" 
y= 1 


Thus 7,(0) = C,/D, = g, and 7,(@) = C,_:/D,_1 = g.-1. Since |b, 
Reb, + 'Im },| S Red, + k Red, = (14+ k) Red,, p = 1,2,3,..., it follows that 


Nn 


(1+k) Re DD. = D> (1+) Red,|D,1|> > SY |b,| |\D,-: 
p=1 p=1 
> D,D, l}> n= ..2 3, seen 


Case |. If Re D,D,-1-— © as n— ©, then R, -0 as n— @ and g(b 
converges. 


Case 2. If there exists a number M such that (1 + &) Re D,D,_, < M, 


rf. yk = or then if m is a positive integer, 
m m Boss m bps D, 2 
> fort ~ S11 ™ > Dyi1Dy-1| py» Dyx1D,y| |D,D,— 


<L* D> (bossl |D,|* < L? M. 


where L = 2R,. Hence the even and odd parts of g(b) converge absolutely 
Thus, by Theorem 2.2, g(b) converges since either the series }"'bs,_,' or the 
series }>|b.,| diverges. Therefore the theorem is established. 

Remark 2.1. It is interesting to note in the above that actually Rk, — 0 as 


n—» oo. If ¢ is a positive number, there exists a positive integer V, such 
that, if » > N, then 
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and so 

- 1 

Ai] >—. 

cf 
Thus 
Re D,D, 1 > : ‘ 
c(1 + k) 

Therefore, XR, —~0 as n— o~. 

Remark 2.2. A curious corollary to Lemma 2.1 is that convergence of the 
series >> C,D,,:'—' implies convergence of the series +> D,D,,,~'. This is 
evident since, if p is a positive integer, 

) — Set! — | Se — Sp+i} - C, Dy — Co+i/Dosi - 
£p £p C, D, C,Doss 
Clearly, the converse is not true in general. For example, let g, = 2-”, p = 1, 
9» 9 
. 


3. Convergence of f(a). Here we study conditions which give converg- 
ence of f(a) when one of the systems of inequalities (1.5) and (1.6) holds. We 
shall state the theorems of this section in terms of the system (1.6) only 
Similar results are obtained when (1.5) holds. 


THEOREM 3.1. Jf (1.6) holds, ro 40, and ax, #0, p = 1, 2,3, ... , then | foy_s} 
converges absolutely to a point v (a known result, (2, p. 155)), and if the series 
Did . . . Aey_s| \G2d4. . . Goy\~' diverges, then there exists an infinite subse 


quence of the sequence of approximants of the even part of f(a) which converges 
to v. 


Proof. Krom (1.6) and (1.3) we observe that 


° p p 
(3.1 ley Boys > A2p Boy 1+ (11 rus) [] dei-1}, p= eS oe 


By (1.6), re, # 0, p = 1,2,3,..., since a, # 0, p = 1,2,3,..., : ind from 
(3.1) it follows that B24, #0, p= 1,2,3,..., (we note that B, = 1 
Hence by (3.1 

f f G\02... A» | 

2p+1 — J2p-1| = Tp 4 ' 

see , Boys 1Boy l 

oes -- Ore} _ _ 1s -- Oe p = 2,3,4 
role Yop—2|Bop_1 rote T2p|Bop+1 


Cherefore, 


i f _ < a, rs a2 
Pe Ih + os + Be rore|Bs 
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and {fe 1} converges absolutely to a point v. We now require that the series 
2/103. . . Gap—1| |Aoda . . . Aop|—! 


diverge. Thus a, # 0, p = 1, 2,3,.... Hence we can consider the continued 
fraction (1.2) equivalent to f(a). Since |bey4:1| = \aids . . . @2p—1| |@2ds . . . Gey? 
then by Theorem 2.1, the sequence of approximants of the even part of f(a) 
contains an infinite subsequence convergent to »v. 


THEOREM 3.2. If (1.6) holds and there exists a positive number M such that 
(1) S< tsi. > = 1,2,3,..., 
(2) M <[] rap, jo & Se 

p=1 
then f(a) converges if either of the following conditions holds: 


(i) ag #0, p = 1,2,3,..., and the series ¥\bo,_;| diverges, 
(ii) some ado, = 0 and no az,_; = 0. 


There exist a number sequence {r2,|\,.0 and a sequence a which satisfy (1.6), 
(1), and (i) such that f(a) does not converge. 


Proof. Suppose a, # 0, p = 1, 2,3,.... We consider the continued fraction 
(1.2) which is equivalent to f(a), and note that 


(3.2) By, = @;03... 2p iD», » 
p= i. ae 
Bop+1 = Gey... AepDop+1, 
From (3.1), (3.2), and (2), it follows that 
Yop|Dop+1 = De, 1 + M\be41), p= * & Sees 
Hence 
p+ 
[Doo+i| > M Do |bas-1), 
t=—1 
since D, = 1 and M S 1. If n is a positive integer, then 
aad onl _ l = [Dont 
a Se |DonDon+1| Dons Dons a Do» 1 
Don+1 ] 
<>, ™ < 
~ |Doa+il{|Danr1] — [Donal] ~ MDa 
l 
< reat . 
Mie M Low 2p—1 


Therefore, since the odd part of f(a) converges by Theorem 3.1, we see that 
f(a) converges. 


Suppose some a2, = 0 and dz; # 0, p = 1, 2,3,.... By (1.3) arid (3.1 
we see that B, ¥ 0, p = 0,1, 2,3,.... Hence by a known theorem (4, p. 26), 
f(a) converges. This completes the proof that f(a) converges if either of the 
conditions (i) or (ii) holds. 
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Let 
“ eed | if p is odd 
il \ 4 if p is even, 
~ _ J) lif pis odd eT 
Nt ' — 2if p is even, p=, 2,3,..-. 


Then (1), (1.6), and (i) are satisfied and f(a) does not converge since the se- 
quence of approximants of the even part of f(a) contains an infinite subsequence 
of zero terms while the odd part of f(a) does not converge to zero. This com- 
pletes the proof of the theorem. 


Remark 3.1. In (ii) of Theorem 3.2, the condition that a2,_; # 0, p = 1, 2, 


3,..., in case some d2, = 0 cannot be removed. We see this in the following 
example: let r., = 1, p = 0,1,2,...,a, = a2 = 1, a3 = a, = 0, ay = a5 = —}, 
a, = 1, p =7,8,9,.... Clearly (1), (2), and (1.6) are satisfied. Simple 
calculations show that B, = B; = 0, and so by (1.3), B, = 0,6 = 6,7,8,.... 

Remark 3.2. In Theorem 3.2, in case ada, # 0, p = 1,2,3,..., but some 
dy—, = 0, the continued fraction does not necessarily converge, as shown by 
the following example: let r2, = 1, p = 0,1, 2,3,..., a, = 0, and 


— 4 if p is odd 
Gen = Gapii = . ° 
, - 1 1 if p is even, 


Then B, = 0, p = 1,2,3,.... 


THEOREM 3.3. If (1.6) holds and there exists a number r such that 0 < Trop 
Sr<l1, p=1,2,3,..., then f(a) converges absolutely, provided one of the 
sequences {dey_;| and {a2,} contains no zero term. 

Proof. Suppose a, # 0, p = 1, 2,3,.... Again we consider the continued 
fraction (1.2) which is equivalent to f(a). If m is a positive integer, then 


h 1 i dont 
Sees = St ™ Bacal Daesal Wass — Das 
_ _| danas 
~ |DaeetDon—1| |Dong1/Don—1 — 1 
< \on+1 = 8eo—3 7 — = 
r 
q |fonti — 22n-1 Ts 


Thus it follows that f(a) converges absolutely, since the odd part of f(a 

converges absolutely, 4s shown in the proof of Theorem 3.1. 
Suppose some a2, = 0 and a2,_; # 0, p = 1,2,3,.... Then by (3.1) and (1.3 
Boy = Boyt - AepBoy 1 = Boys —_ Ae,Bo, 1] > 0, p = ® : 3, eee 


Hence B, # 0, p = 1,2,3,.... Therefore f(a) converges absolutely (4, p. 26). 
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On the other hand, suppose some a2,_,; = 0 and a,, # 0, p = 1, 2, 3, 
Since rp, Sr <1, p = 1,2,3,..., we see by (3.1) that 
By, 1 > dey Bs, lis p = ee & See: 
and so B.,_, #0, p = 1,2,3,..., since a2B, # 0. Therefore, as before, 
B, # 0, p = 1,2,3,..., and f(a) converges absolutely. 


Remark 3.3. We give an example of a number sequence {ro,},.0° and an 
unbounded sequence a which satisfy the hypothesis of Theorem 3.3 as 


follows: let ro. = 4, p = 1,2,3,..., and @; = d2 = 1, doy, = — (2?), 
Gs = — (2-') + 1, p = 2,3,4,.... 


x 


Remark 3.4. There exist a number sequence {r2,},.0° and a sequence a 
such that all of the conditions of Theorem 3.3. are satisfied except that each 
of the sequences {a.2,-:} and {a.,} contains a zero term and f(a) does not 
converge. Let re = },r2, = 4, p = 0,2,3,4,..., and a; = a, = 0,a; = _— }, 
a; = — 3,a, = 1, p = 5,6,7,.... Since By = 1 + a; + a2 + a;(1 + a;)=0 
and B, = B, + a,B; = 0, by (1.3), B, = 0, p = 4, 5,6 
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GENERATING FUNCTIONS FOR HERMITE FUNCTIONS 
LOUIS WEISNER 


1. Introduction. Hermite’s function H,(x) is defined for all complex values 
of x and n by 


2°T'(3) nl 2 2Tr(— 4) f1l—n ; : 
i)e—— -A-8;h0') + \ oF = :3 2) 


where F (a; y; x) is Kummer’s function with the customary indices omitted. 
It satisfies the differential equation 


d’v dv 


1.1) dx" dx 


of which 


h(x) = e H_,-;(ix) 


is a second solution. Every solution of (1.1) is an entire function. The only 
linearly independent polynomial solutions are the Hermite polynomials 
a (s), «= 6,1,3.... 

The partial differential operator 


annulsu = y"v(x) if, and only if, v(x) satisfies (1.1). It follows that ifu = u(x,y) 
is annulled by L and is expressible as a series of powers of y, the coefficient 
of y" must be a solution of (1.1). It so happens that the equation Lu = 0 
admits a 5-parameter group of continuous transformations. Following the 
methods described in a previous paper (5) we shall use this group to obtain 
solutions of Lu = 0 and thence generating functions for the Hermite functions. 

The results may also be expressed in terms of Weber’s function D,(x) by 
means of the relation 


H, (x) = 2" e”* D, (4/2 x). 
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141 











142 LOUIS WEISNER 
2. Group of operators. The operators 


, nye Bay? cux-2425) 
(2.1) 4-355: 9=3 ao *9 an + , 


_tud 2 a _. cee a - 2*) 
B= ix{22- Yay) = by'(xdty esi ax 
satisfy the commutator relations 

[A,B] = -B, [A,Cj)=C, [C,B] = —- 


(2.2) [A,Bs] = —2Bs, [A,C:]=2C:, [C2 Bs] = —A—} 
(B,B:] = 0, [C,C:]=0, [B,C:]=C, [B:,C] = 


and therefore generate, with the identity operator, a continuous group I. 

A generates the trivial group x’ = x, y’ = ty (t # 0), which is used for 
purposes of normalization. The extended forms of the transformation groups 
generated by the other operators are described by 


f(x,y) = f(x + by", 9) 

f(x,y) = s(5 Ap aa Vo" - sl) 

f(x,y) = yee — cy, 9) 

e4te.9) = 0+ oem (aris view): 


where }, 8, c, y are arbitrary constants and /(x, y) an arbitrary function. 
Hence 


(2.3) gf Oren fOresag y) 





= (1+ yy") tex py el $e 


‘ b+ xy + (by ~ c)y" enc 
* {0 + vw) — By)y” — 8)}F’ C1 +7" 
The relation of the group I to the operator L of §1 is indicated by the 
operator identities 
(2.4) —~L=CB-2A, -—x*L =4C.B,—A*+A, 
4B, = B* — y"L, 4C, = C’ — y'L, 
from which it follows that Z is commutative with A, B, C and x*L is com- 


mutative with A, B., C,. Therefore every operator of the group I converts 
each solution of Lu = 0 into a solution. In particular we note that 








A\H,(x)y"} = nH,(x)y", A {h,(x)y"} = nh,(x)y"; 
(2.5) B{H,(x)y"} = 2nH,a(x)y"", Biha(x)y"} = — itpa(x)y"™; 
C{H,(x)y"} = Hasilx)y"™, Cha (x)y"}_ = 2i(m + L)hagi(x)y"™. 


3. Conjugate operators of the first order. We shall examine the functions 
annulled by Z and 








_ 
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R= 1A + 72B + reC + 74Bo + r5Co + ro, 
where the r’s are arbitrary constants, of which the first five do not vanish 
simultaneously. To this end we separate the operators R into conjugate 
classes with respect to the group I. We find as in (5, p. 1035) that 
“Be ** = *B, “Ce = eC, o“*Bye™* = “Bs, “Cre = c™ Ci; 
FA = A + OB, Ce” = C+ 2b, 0° Ce” = 1C + C2 4+ 0°; 


“Ae =A — cl, e° Be = B— X%, Bee = — cB +B. + 0’: 

fA *™ = A + 2BB:, oO Ce*™ = C+ BB, fC *™ = BA + BB, 
+ Cz + $6; 

oC Ae™™ = A — WC, Oo" Be™™ = B— yC, "Bae = — yA + B. 
+ 7'C: _ by 


It follows that J = r,? — rgrs is an invariant of R with respect to I 
Setting S = e*©+7©1¢°4+882 we have 
SAS = (1 — 2By)A + (b — 2cB)B + (2cBy — c — by)C + 26B, 
+ 2y(By — 1)C2 + 2c’B — 2be — By, 
SBS" = B— yC—- 
SCS" = BB + (1 — By)C + 2(b — cB), 
SBS” — yA — cB +c7C+ Bi +7C. 4+ - bey, 
SCS" = B(1 — By)A + B(b — cB)B + (1 — By) (b — cB)C + BB, 
+ (1 — By)’C2 + (b — cB)* + $8(1 — By). 
From these formulae it follows that for suitable choices of the constants 
a, b, c, B, y, 4, v, p, and qg, R is a conjugate of 
(a) AA —»y if J #0; 
(b) pC+qB. if I = 0, rire ¥ rara; 
(c) AB. —»p if J = 0, rire = roars, 74 X Oor rs # O: 
(d) AB-—vyp if 7 =O0,7; =r, = rs = 0,72 ¥ Oorr, € O. 


The identities (2.4) show that the last two cases do not require special con- 
sideration. 


4. Generating functions for functions annulled by conjugates of 
A-—y. Since u = y’H,(x), ue = y’eH_,«(ix) are linearly independent 
solutions of Lu = 0, (A — v) u = 0, where » is an arbitrary constant, it 
follows from (2.3) that 


Gilx, y) = (1 + vy?) OF? (1 — By)y* — 8)” 
je ey + v2" *\ 
i+ ( H,(), 
G2(x, y) = (1 + vy’) nj... ta By)y* — p)*” 
w= By)x*y* + (Bc* = 2be + b*y)y" + 2(b - Boxy + OY ay 
P) (1 — Bry)" — 6 





- &X 





= 1(1&) 
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are linearly independent solutions of Lu = 0, {S(A — v)S-'}u = 0. It suffices 
to examine G. 


Case 1. 8 = y = c = 0. Setting 6 = 1, we obtain, after simplification 


(4.1) H,(x + y) = + i (")w. a(x) (2y)", 


n=0 
a Taylor expansion which may be derived directly from H,'(x) = 2vH,_;(x). 


Case 2.8 = y = b = 0. Setting c = 1, we have 


ye “"H,(x —y)= > antT rin(X) + Dghrin(x) }y"™. 


n=() 
Since the left member is annulled by S(A — v)S-' = A — C — », we obtain 
the recurrence relations 
NO, = Gy, nb, = 2i(nm + 1)d,_1 (se = 1,2,... 
with the aid of (2.5). Cancelling y’ and setting y = 0, we have ap = 1, by) = 0, 
whence a, = 1/n!, 6, = 0. Hence (4, p. 85) 
ory—y? ~ | 
(4.2) eH, (x — y) = >> | even (x) 9". 
— n! 
Case 3. 8B = y = 0, c ¥ O. Setting c = 1; b = — w/2, we obtain with the 


aid of (4.1) and (4.2) 


(4.3) ons —-y- 2) => 3 F(— vin + 1; w)Hoyn(x)y" 


2y =o 1 


+ i (-— w(’) re —v;n+ 1; w)H,_,(x)w*y™, (y # 0). 


n=} 


If »y is a non-negative integer, this result may be written 


d y’ 2zy—y? ——— 4 = - l (n—¥) J n 
(44) Te HA x 7°. » oj ee” (w)Ha(x)y", 
where L,“(w) is the generalized Laguerre polynomial of degree »v. 

Case 4. B # 0. Setting 8B = — 1, b = w, c = 2, we obtain 

2\—(»+1)/2 2)4” ) Qxyz oe ys _ yxy’ 
(4.5) (1+ yy) {1+ (1 + y)y"}" exp) es 
1+ vy 
> > nll, (x)y", y| < Min(\y 4a + yl), 
nea) 
where 
pa wt xy + (ww —2)y" 


(1 + yy) + (1 + yw" 


By inspection of the left member it is evident that the coefficient of y" is a 
polynomial in x; hence the second solution does not occur. Replacing x by 
1/x, y by xy, and then setting x = 0, we obtain 





ee. 
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he 
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(4.6) ern", (w+ y) = 2» &n(2y)", 


a simple generating function for g,. The explicit form of g, may be found 
with the aid of (4.1) and (4.2): 


(4.7) g, = > (, 


= 


.) Co" a n(—*) A, _n+2(w) \y = 0) 





os = Vv 1 k on 
= du a ie .) pi ftente(w)2 (y = 0). 
In particular, when y = z = O (1, p. 890) 
» v + xy — {vp 
8 (1 . {- - ty) « ( ) s x)y" 
(4.8) + y°)"H V+ yj 2» g) Hn (w)Ha(x)y" (ly| < 1) 
When y = — | and z = — w, the value of g, may be obtained by com- 
paring (4.6) with (4.2). Thus 
2\—(e 2wxy — (x + w’)y” w— xy 
(4.9) (1 — y) °F?” ex : " i, 
UC T= vit = 91) 
— Hy4.(w)H,(x)y" : 
-2- eae : (ly| < 1), 
which reduces to Mehler’s formula (3, p. 173) when » = 0 and to Feldheim’s 
formula (2, p. 233) when x = w and » is an even number. 
Case 5. 8 = 0, y # 0. Setting y = — 1, 6 = 2, c = w, we obtain with the 
aid of (4.1) and (4.9) 
2 
(4.10) (1 — 9°) PF exe > ey = @ + “yt 
l-y 
=a, oi-s)) . ¥ )(y/2y 
(= Vii — y] + ; at * Sul v4n(x)(y/2)", 
where 


-- v 1 ; 
eS = » (*). Uk bm 1) eee we" (mn =0,+1,2+2...). 


Moreover g, has the generating function 


(1+2/y)’e"" = >> gy’, (ly! > Isl). 


=o 


5. Generating functions annulled by conjugates of 3C — B,. In 
accordance with the analysis of §3 we examine next the functions annulled 
by L and pC + gB:, pq # 0. Only the ratio p/g is essential, and it proves 
convenient to choose p = 3, g = — 1. 

The general solution of (3C — B.) u = 0, or 
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is 
“uo = Petia: | 9 ¢ = Qxy + By". 
This function is annulled by L if 
da’ 
et 3tf = 0. 


Two linearly independent solutions are given by 


2 | 
f= on(—:2:44), f= thi( 451 y), 


Therefore, omitting the indices, 


—ty¥(2 2 1 
wy = teeth pf 21), 
sa —by3 (r+y?) ’ 4 l ) 
Us=e cP igig’ 


are linearly independent solutions of Lu = 0, (3C — B.) u = 0. Their ex- 
pansions in powers of y are readily obtained. On replacing y by y!, we obtain 


—tyizty) pf  . 2.9 ) =~ I'(2/3)Hs,(x) (2 y" 
(5.1) e r( i333 (2x + 3y) > nil (nm +2 73) 


—tyir+y) — - ‘) = PA/B)Heearl2) (2 y 
(5.2) e¢ (ax + 3y)F{ 'g ig (2x + 3y) a * +478) \3) - 

Applying S to u; and 2, and setting w = c + 38, 2 = 26 + 382, we obtain 
the following functions annulled by L and S(3C — B,)S-' = yA + wB 
+ (3 — yw)C — Bz — °C, + 32 — w* + Fy 





(5.3) (1+ yy’)? en—2 .1x*) = Zz a,H, (x)y" (ly! < lel) 
(5.4) (L+ yy’)? eX = ly *} = >> b,H,(x)y" (ly| < }y), 
a: 3% aa 
where 
~ 2-4 We-—wy) , 37" 
Kast tte tUe a 
a Sy's + (x — wy)" _ by*(x —: )_ __6y*>_— 
1+ vy (1 + yy") (1 + yy’)' 


Replacing x by 1/x and y by xy, and then setting x = 0, we obtain the following 
generating functions for a, and 6,: 


oven (2 3 3 (29 +2 ) = > a,(2y)", 


Fil ae = 5 (2y +) = ,. b, (2y)". 
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GENERATING FUNCTIONS FOR BESSEL FUNCTIONS 
LOUIS WEISNER 


1. Introduction. On replacing the parameter m in Bessel’s differential 
equation 


(1.1) Pl oes ee 
dx dx 


by the operator y(@/dy), the partial differential equation Lu = 0 is con- 
structed, where 


a a 2 a a : a \’ ) ee 
12) L=x*—34+24-—-y—- x =\(x-—] — .. 
\ at * Fa — 7 a — 79, F ax Yay) * 
This operator annuls u(x, y) = v(x)y" if, and only if, v(x) satisfies (1.1) and 


hence is a cylindrical function of order m. Thus every generating function of 
a set of cylindrical functions is a solution of Lu = 0. 

It is shown in § 2 that the partial differential equation Lu = 0 is invariant 
under a three-parameter Lie group. This group is then applied to the system- 
atic determination of generating functions for Bessel functions, following the 
methods employed in two previous papers (4; 5). 


2. Group of operators. The operators 


ae a ae Peer 
A959 °3 at * _°" Jag TFG, 
satisfy the commutator relations [A, B] = — B, |A, C] = C, |B, C| = 0, and 


therefore generate a three-parameter Lie group. From these relations and the 
operator identity 

(2.1) —x L=BC-—1, 

where L is the operator (1.2), it follows that A, B, C are commutative with 


x~*L and therefore convert every solution of Lu = 0 into a solution. In 
particular 


‘A J,(x)y" = nJ,(x)y", AJ_»(x)y" = nJ_,(x)y", 
(2.2) | BJa)" = J,_1(x)y"", BJ_,(x)y" = — J-nai(x)y"' 
CJIq(x)y" = Jnsr(x)y"**, CI_4(x)y" = — Ja-1(x)y"™" 


where 7 is an arbitrary complex number. 
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The operator 1 generates the trivial group x’ = x, y’ = ty, (¢t # 0), which 
is used for purposes of normalization. The extended form of the group generated 
by the commutative operators B, C is described by 


(2.3) "ee y) = f([(x — cy) (x + 2b/y)}}, [y(xy + 2b)/(x — 2cy)}* ), 


where 6 and ¢ are arbitrary constants and f(x, y) an arbitrary function, the 
signs of the radicals being chosen so that the right member reduces to f(x, y) 
when 6 = c = 0. If f(x, y) is annulled by L, so is the right member of (2.3). 


3. Generating functions annulled by operators of the first order. 
Since J,(x)y’ is annulled by L and A — », it follows from the operator identity 
ebBtec 4 e bB—cC _ A + bB — cC 
(4, p. 1035) and (2.3) that 
(3.1) G(x, y) = tS, (x)y’ 
(xy + 26)*"(xy* — 2c)" J,([x — ey) (x + 2b/y)]*) 


is annulled by Z and A + dB + cC — v. While any cylindrical function of 
order vy may be employed in place of J,(x), it is sufficient to confine attention 
to the Bessel functions of the first kind. 

If 6 = 0, we choose c = 1, so that 
+n 


G(x, y) = (xy)"(x* — 2xy) "J, ([x? — 2xy]*) = Ent ven(x)Y™ 


n=() 


The indicated expansion is justified by the observation that (xy)~’G(x, y) is 


an entire function of x and y. Since G is annulled by A — C — », we find, 
with the aid of (2.2), that g,1 = mg, (m = 1,2,...). Multiplying G by 
(xy)-” and then setting x = 0, noting that 
(3.2) x"S(e)eeo = Fa’ 

2’T(v + 1) 
we have go = 1; hence g, = 1/n!. Thus 
(3.3) x" (x” — Qey) VT, ([x* — Qxy]!) = SO Sran(x)y"*/n!, 


which may be identified with Lommel’s first formula (3, p. 140). 
If c = 0, we choose 6 = 1, whence 

(3.4) G(x, y) (y? + 2y/x)*” J, [x + 2x/y]') 

(2 + xy)"(x* + 2x/y)'T,([x? + 2x/y]'). 


ll 


From the last expression it is evident that G has a Laurent expansion about 
y=0: 


G(x, y) = ; LnJn(x)y", lxy| < 2. 


n=—or 
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Since this function is annulled by A + B — », we find, with the aid of (2.2), 
that gar: = (vy —m)g,, (n = 0, +1,+42,...). Setting x = 0, we have 
go = 1/T(@ +1); hence g, = 1/[f(v —n+1). Replacing y by y", we 
obtain 


(3.5) (xy)~"(x* + xy)! J,([x* + 2xy]*) = p> J,(x)(— y)"/T@ +2 +1), 


2y| > |x|. 
Writing (3.4) in the form 


G(x, y) = (xy)"(1 + 2/xy)’(x? + 2x/y) 1S, ([x” + 2x/y]'), 


it is evident that (xy)~’G is expressible as a power series in y~', convergent 
for |xy| > 2. We obtain, after simplification, 


(3.6) (1 + 2y/x)*”J,([x* + 2xy]#) = S> J,_.(x)y"/n!, \2y| < |x|, 
n=0 


which may be identified with Lommel’s second formula (3, p. 140). 
If bc # 0, it proves convenient to choose 6 = 4w, c = — 4w, whence 


(3.7) G(x, y) = (w+ xy)"(w + x/y) YS, ((w? + x? + we(y + y")}) 
=D tta(x)y", lcy| < {w!. 


Replacing y by 2y/x and then setting x = 0, we obtain, with the aid of (3.2), 


(1 + 2y/w)*”J,([w* + 2wy]*) = >> gay*/n!, |2y| < |w). 
n=0 


Comparing with (3.6), we infer that g, = J,_,(w), (m = 0,1, 2,...). Simi- 
larly, replacing y by x/2y and then setting x = 0, we obtain 


w’(w* + 2wy)*’J,([w* + 2wy]*) = > g—n(— y)"/nl. 


Comparing with (3.3) we conclude that g_, = J,,,(w), (n = 0,1,2,...). 
Hence 


(3.8) (w+ xy)?’ (w + x/y) 97, ([w* + x* + wx(y + y")]*) 


= > > J -n(w) J,(x)y", xy| < jw}, 
which may be identified with Graf’s addition theorem (3, p. 359) by sub- 
stituting y = — e~*. Another expansion of (3.7), valid for |xy| > |w|, may 


be obtained from (3.8) by replacing y by y~', interchanging x and w, and 
multiplying by y’. 

We have now obtained, in normalized form, functions annulled by L and 
differential operators of the first order of the form r,;A + 7r2B + r3C + 14, 
where the r’s are constants and r, * 0. Generating functions annulled by 
r2B + r3C + 1, are not included in (3.1) but may be derived independently. 





rent 
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Since |B, C] = 0, we seek a solution of the simultaneous equations (B — 1)u 
= 0, (C — 1)u = 0. This solution is annulled by r2B + r:C + 14, normalized 
so that re + 73; + 7, = 0. By (2.1) it is also annulled by L. We find the 
solution to be the familiar generating function 


(3.9) rr = DY Ja(x)y" 


of the Bessel functions of integral order. 


4. Generating functions annulled by A(B — C) + 4(B + C) + 4a—1. 
By a suitable choice of new variables the equation Lu = 0 may be trans- 
formed into one solvable by separation of variables. A solution so obtained, 
if possessed of suitable analytic properties, provides a generating function 
for Bessel functions. We shall present several examples. 

Choosing new variables 


E = bx(y' — y + 21), = §x(y' — y — 24), 
the equation Lu = 0 is transformed into 
a*u 


é ou 
ae? 


4 a 


a a 
— 49—5 +32 aS ~ gg — ee = 0. 
On On 


Four linearly independent solutions are obtained by separation of variables: 


uy = € *", Fi(a; $; &)1Fi(a; 4; 9), 

up = te F(a + 4;3/2; &)1Fila; $3 9), 

us = ghe*”, Fi(a; $3 £)1F (a + 453/23 9), 

us = (&)*e*” Fy(a + 4; 3/2; &)1Fila + 4; 3/2; 0), 


where @ is an arbitrary constant. These functions are also annulled by 


— 
5g +25,-E+1— 4a 


= 4t(t — n) *L — A(B — C) — }(B + C) + 1 — 4a, 
where A, B, C are the operators of § 2, and hence by 
A(B — C) + 4(B + C) + 4a — 1. 


This operator provides recurrence relations for the coefficients of the expansions 
of the generating functions; but these relations will not be used. 

When expressed in terms of x and y, the function u; is seen to have a 
Laurent expansion about y = 0: 


0-9, Flas s be/y — Bey + in)sPiles 4: He/y — Hey — ix) 
= > &nJn(x)y". 


a=—o 


Replacing y by 2y/x and then setting x = 0, we have by (3.2) 
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ei: F ila; 4; — y))° = > ny" /n!. 


n=() 


By Kummer’s formula, 


e'L:F ila; 4; _ y)] = 1F (a; 4; — yi Fi(4 — a; 4; y). 


The expansion of the right member in powers of y may be obtained with 


the aid of Chaundy’s formula 


> , , — ens x . r l = = = j 
iFi(a;e; — yFila’;e;y) = > (2).(— orf 2 Aa 


n=0 n'(C)n c,l—a-n 


(2, p. 70). However, this expansion may be expressed in a more suitable 


form by means of the transformation formula 


~| 1, M2, &3; I 


. { Bi, Be |- I'(B2 — a3) T(B; + Be — ay — are) 


»| Bi — a1, Bi — are, a3; | 
. rf B, + B2 — a, — a 
(1, p. 98), whence 


(4.1) iFi(a;c; — y)i Fila’; c’; y) 


= (c+c —a-—@’), y" | ° —a,c+c+nu-—1,—n; 
3 2 , 
c ( 


n=0 (C)» +c’ —a-—a’ 
Thus 
ée’[:Fi(a; ; — y)]* = >» aF2(a, nm, — m; 4; 4;1)y"/n!, 
n=\) 
and g, is determined for n = 0,1,2,.... Since the generating function is 
unaltered when y is replaced by — y~', g_, = g,. Hence 


(4.2) Fila; 4; 4x/y — 4xy + ix): Fila; 4; ix/y — 4xy — ix 
= >) 3Fi(a, m, — n; 4; 4; 1)J,(x)y". 
Since £2 = (4x)! (y-? + iy*), u2 has an expansion of the form 


> [an Jn+4 (x) + b, J-.4(x)]y""*. 


n=—co 


Applying the methods described above, we obtain, after multiplying by 


(2y/x)? 


(4.3) (1 + iy" Fila + 4;3/2; 4x/y — 4xy + ix) 
X 1Fi(a; 4; 4x/y — 4xy — ix) 


= (x/2x)' p> sF2(a, m + 1, — m; 1, 4; 1)Jusy(x)[iy"** + (— y)"I. 


n=0 


Replacing i by — i, we obtain the expansion which arises similarly from u;. 





—————_—_ 
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Since (&)? = 4x(y + y~'), ua has a Laurent expansion about y = 0. We 
obtain, after replacing a by a — }, 


(4.4) 4x(y+y tow) F(a; 3/2; tx /y — 4xy + ix) 
X 1Fi(a; 3/2; §x/y — 4xy — ix) 


es 


= > n 3F2(a,n + 1,1 — n;3/2;3/2; 1)J,(x)y". 
R=—o 
With the aid of these results the elementary solutions of the three-dimen- 
sional wave equation in parabolic cylindrical co-ordinates may be expressed 
in terms of cylindrical wave functions. 


5. Generating functions annulled by B* + 8CA + 4C. When we choose 
new variables § = xy — (x/y)!, » = xy + (x/y)!, the equation Lu = 0 
becomes 

au du, i 
ae agi + gt — ve = 0. 
The following solutions are obtained by separation of variables: 


uy = oF \ (2/3; — |& + 2)*/36)oF1(2/3; — [n + 2}*/36), 

us = (E + 2)oF1(4/3; — [E + 2]*/36)oF1 (2/3; — [n + 2)*/36), 

us = (n + 2)oF\(2/3; — [E + 2]*/36)0F:(4/3; — [n + 2]*/36), 

ug = (E + 2)(n + 2)oF\ (4/3; — [E + 2]*/36)0F1(4/3; — [9 + 2]*/36 


where z is an arbitrary constant. These functions are also annulled by 


a" 1 wal 2 2\ 7-1 B . Cc z 
ge t gt 2) = 2E-ME-— A L+ E+ ICA + 5+ 4 
and hence by K = B? + 8CA + 4C + 4z. 
The functions u; and u, have expansions of the form 
Di kan (x)y". 
Applying RX, we obtain the recurrence relation 
Ln+2 + 42g, + 4(2n — 1)g,-1 = 0 (n = 0,+1, +2,...) 


by means of (2.2). No explicit solution is available for arbitrary z. A solution 
is readily obtained for z = 0. We find that 
(x/y)*]*/36) oF (2/3; — [xy + (x/y)*)*/36 


2) 


> (— 24)"0(m + 1/6) Jom (x)y'"/T(1/6), 


(5.1) oF (2/3; — [xy 


. os ‘ 
(5.2) o(x"y* — x/y)oF (4/3; — [xy — (x /y)*}*/36) 
X oF (4/3; — [xy + (x/y)*]°/36) 


“ > (= 24)"T'(m + 5/6) Jama2(x)ye"*?/ r(° 


m=—o 6 
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For “#2 we obtain similarly 
(5.3) [xy — (x/y)"}oF1(4/3; — [xy — (x/y)*]’/36) 
oF (2/3; — [xy + (x/y)*]*/36) 


= — (x/2)' >) (— 24)" Samesy2(x)y ?/m! 


+2 >> (— 24)"P(m + 4) Jamyr(x)y""**/T (4). 


6. Generating functions annulled by A* + a(2CA + C) + 8C? — 
If we choose new variables 
& = 4$[(x* + 2a*xy)* — (x* + 2b’xy)'), 
n = 4[(x* + 2a’xy)* + (x* + 2b*xy)'], (a’ # b*), 


where a and 6 are constants and the signs of the radicals are chosen so that 
— = 0, » = x when y = 0, the equation Lu = 0 becomes 


2 Ou 20u , , Ou ou 2 2 
_— — + —_ — -_—- + = (0. 
oF bd an . ot ad on 3 nu ; 


Comparing with (1.1), it follows that L annuls the four functions J,,(&)J,,(m), 
where » is arbitrary. These functions are also annulled by 
¢ 2 +é i + — py = F°(e? + Qty + n°) "L + A* + $a’ +b’) (2CA + C) 
+ a*b*C* — 
where c = (a? + 5*)/(a? — 6), and hence by 
R = A? + }(a? + 8’) (2CA + C) + BC? — pv’. 


Employing the methods described previousiy, and applying the well-known 
formulae 


_ (faz)"($82)" SS _(— 1)"(4az)™ 
J,(oa) J(88) = “4 1) 24 air tntl) 


r 4 F(— n, — u» — n;v + 1; B’/a’), 


F(a, B;y;2) = (1 - 2 *K(a,1 - t73— ) : 


the following results are obtained: 


(6.1) 2”°T(» + 1)(a? — 6°) *J,(¢)J,(n) 
2 
 » {aby ~ —— " YY Feeale)9™, 
—, 4ab 


(a’ ¥ b°,ab #0,» ¥ — 1, —2,...). 

















lat 


n), 


C) 
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(6.2) 2”°T(» + 1)(@* — b°)°J,(¢) J_,(n) 
‘ > {aby — n,n +2 + 1:9 +1; + 0)') J-na(x)y”™, 
ly| < Min(|x/2a"|, |x/2b*|), (a® ¥ 6°, ab ¥ 0,» ¥ — 1, —2,...). 
(6.3) (e+ 1)(a + b)"(a — b)~’J,(E)J_,(n) 


@ = n —_ 2 
= z __(— ab)” —_— (- n,n + l: py + 1: — fo — a) J,(x)y", 


n=—a T'(n —v+1) 4ab 
y| > Max(|x/2a’*|, |x/2b*|), (a* ¥ 6°, ab ¥ 0,» ¥ — 1, —2,...), 
and the left member has the value (sin vr)/yr when x = 0. 
The excluded case ab = 0 may be treated similarly. Setting a = 0,6? = — 2, 
the following generating functions, annulled by A? — 2CA — C — »*, are 
obtained: 


(6.4) J,(4[x — (x* — 4xy)"])J,(4lx + (x? — 4xy)!]) 


Fe » +2) se 
> wea | " J van(%)(y/2)™, 


(6.5) J,(4lx — (x* — 4xy)"])J_,(Ale + (x* — 4xy)')) 
> (— 1)" ae 


n 


; — fey" te : . 
2, rv +n +1) ) Tnale(o/2) , dy] < |x}. 


(6.6) e*J,(4[x — (x? — 4xy)*])J_.(4lx + (x? — 4xy)!]) 


—_ ~\ (Day\" 
To >) 2(*)(2y) 


EUs 7 4(x)(2y) ">, |4y| > |x, 


where the left member has the value (sin »yr)/yr when x = 0. Formulae (6.4 
and (6.5) are limiting cases of formulae (6.1) and (6.2) respectively. 
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SERIES OF PRODUCTS OF BESSEL POLYNOMIALS 
F. M. RAGAB 


1. Introduction. The Bessel polynomials, which arise as solution of the 
classical wave equation in spherical co-ordinates, are defined by Krall and 
Frink (3) by the equation 


(1) rele, 0,0) = sFa(—n,0-+0—1;—2). 


The purpose of this paper is to present some series of products of these poly- 
nomials when the two arguments are different as in the case of Legendre 


and Hermite polynomials. Such an explanation was given by Brafman (2), 
namely: 


o, we (n)_Tre@-a-n) (~-2)" (=. ) 
(2) * ©) [0-2-2 b b Yr :+7°"" 


= n(x, a, b) aly, a, 5). 


These series will be stated and proved in § 2. The following formulae are 
required in the proofs: 


. fa, 1 + fa,d,e : rl +a-—d)r(l+a-—e) 
(3) Fs ~ 1) — Bte-O FG ta =: 
“\4a, l+a-—-d,l+a-—e’ r(ii+a)r(l+a-—d-—e) 


(1, p. 28, formula 3). Gauss’s theorem, namely: 
If R(vy) > 0, R(y —a — 8B) > 0, 


I'(y) Py — a — 8B) 


(4) Me B31) = Fy Pa — 8) 


(4, p. 144, Example 2) and Saalschutz’s theorem (5), namely: 
Ifip+o=a+8+~7+1 and if a, 8, or y is a negative integer, 
(5) ne B,; i) = Ne) ra + a an g) rd + 8 pe a) ra + Y sc g) 
. p,o r(l — oc) [(p — a) T(p — B) P(p — y¥) 
Frequent use will also be made of the factorial notation: 
T'(a + n) 


(a;n) = > =ala+1)...(a+n— 1)fornm = 1,2,3,..., 
l(a) 


—_ 


(a, 0) tor a ~ 0). 
2. Formulae and proofs: The expansions to be proved are: 
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, - , ril-—a-n- 
( a ae te a a a O ; , 
(6) d »(") —— da a — 2r) y,(x, a, b) y,(y, a, 6 
~~ ie . _ xy ) 
(; + x) m2 0,8 ; 
" - in r(2 —a—n-—?) (:) 
( - - : ) 
ie > (8) ( Ti r'(4 — 2a — 2n — 2r) \b Vr(x, a, b 
r(2 —a — a2. 
a | set ee’ In — 2 hb): 
T(4 — 6 — an) © — 4,9): 
— (n r(2 — a) ( =) 
S (" r(2 —a-—r) b Ye(4x, a, 6) 
= Yan(x,a — 2n, b); 
- (1 — a — 2n + 2r) T(l — a — 2n +1) 
y am - = 2 7 ' . ° \! 
wr 2 | ad ri{(m — 7)! TQ —a—n+7r)} Ya—r(x, @, 0); 
= {(m!)? T(2 — a)}~* yoa(x, a — 2n, b); 
(10) ¥ (*) tent —e-e-s—-1nd-e-» j 
r\ )) 
d, (l-a-—-n-—r:n+1) Tee Se 
= ¥.(x,1 +a +a, 5). 
Proof of (6). If on the left of (6) we replace y,(x, a, b) y,(y, a, 6) by the 
series in (3), then after changing the order of summation it becomes 
: 2s, 9 xy - n\(r 
cing) oan) Be (M0 
2 | m5 +2)" (2 0) ¥ (" m 
hs -6=- 8-7) o 
eT rs i a — 2r). 
If we apply the formula 
- n\{(r \ TUL—-a—n-—r) , 
(- 1(*)(") Fa =< —@g— 2) = (—1)*3 
» 2 (7 Ta-eo monte - mm) = (- 1% 
then the right-hand side of (6) is obtained. If y = x, (6) becomes 
. din\Td—-a-—-a-—r) : , ,2 
(11) u (— 1) (*) Tea = ora (1 — a — 2r) {y,(x, a, d)} 
‘ n 
= (22) Yn(4x, a, b). 
Proof of (7). The following lemma is required in the proofs of (7) and (8): 
LEMMA: Jf n, N,r are positive integers, then 
(12) (—n;N —n + 2r) = (— 1)"{ (2m) !}—(m!)2?"( — Qn; N 
(4N —n;r) (44+ 34N —2n;r). 


Proof. We have 


(—n;N — m+ 2r) = 2-*+2"(— 3n; 4N — n 471). 
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But 

(— n;3N — n+ 1r) = (—4$n; 4N — 3n)(4N — 2:1) 
and 

(3 — nn; 3N — jn+r) = (4 — 3n, 4N — 3n) (4+ 34N — 2:71), 
so that 


a" (— n; N — n + 2r) 
(3N — n;r)(4 + 4N — n;r) 


(— $n; 4N — 4n)(§ — 4n;4N — 3n) 
al 9 N 





II 


(— n;N — n) 


| (2m) (2m — 1)... (w+ 1)}{(— 2; N — n)} { (n})} 
QN—"(9n)! 
(2n)! 





= N=  {(— 2n)(— 2n+1)...(—2n +N — 1)} 


(— 1)*2"" ‘(n!) {(2n)!} ' {(— 2n; N)}, 
from which the lemma follows. 


Proof of (7). In the left-hand side of (7) write n — r for r, substitute for 
Yn—r(x, @, 6) from (1), then it becomes: 


> = (— pyres FO = —, eds - © fs 5) 


r= s=0 ! s! (n — r)! 
(a+n—r—l1; »_(0)" : 
a-._cth x ; 
Here we put s = r + N — 2, and the last expression becomes: 
> o = "- 1) v= N — n+ 2r) T(2 — a — 2n + 1) 
n! T(a +n — 1) N=0 r=( : r! T'(4 — 2a — 4n + 2r) 





P(¢ + N — 1)(2 ~— a ~ nr) (*)" 4 
rii+N—a-+r) x 


ofette—2 _i 2n a 
EE — ees = 
i= 8 @a)irG—a—2n)Fedtan 2 "7 


n—N 
r(o +N — 1)(- 20; 9)(2) {r(i+N—nz)}~ 


by Lemma (12). 


Proof of (8). In the left-hand side of (8), write » — r for r, substitute for 
Yn-r(4x, a, 6) from (1), then it becomes 


n ba n—r—s{ 7 T?2 —a)(—a+r;s\@+tn—r—1;: (2) 
> Ec-2 (") 7 


7 ‘ont sifT(2—a-—n4r) 

















BESSEL POLYNOMIALS 159 


Here we put s = r + N — n; then the last expression becomes 
__ 2°r@—-e) Sg wT = — (*) . 
lia+n—1)T(2—a—n) X| *) ri+N—-n ( én; N) ‘a 
43N —n,4+4N — 72; ‘| 
" Fl l+N—n 


by Lemma (12). Here we sum the »/; by Gauss's theorem (4) and so obtain 
(8). In (8) write 2x for x; then it becomes 


- > (*)_Te@-2) (= as)’ 
(13) Y2_(2x, a 2n,b) = > (") ra —e-?) b v(x, a, 5) 
which may be taken as the duplication formula for Bessel polynomials 


Proof of (9). lf y = x in (2), then it becomes 


~ (n r(2 — a — n) — 2x\’ 2 
(14) pa (") Te - See =) (=3) ¥r(4x, a, b) = {y,(x, a, b)} 


To prove (9), substitute in the left of it for {+y,—,(x, a, 6)}* by the series in 
(14), then after some rearrangement the left-hand side of (9) becomes 


fe _T(2 — a — 2n + 2r) T(1 — a — 2n +r) Cm 





ri(n — r)! TQ — a — 2n + 2r) r(2-—-a-—-n+r) 
__— oe 5 
x D> si(r — s)! 1 (2 —a — 2n + 27 +s) (? Ya—r—a( 4x, @, b) 


ae 2) = =  .«§ r(i2-—a-— 2n) 
= (? at 2) 


n! — | p\(n — p)!T(2 — a — 2n + p) F(2 —a — an) 
y L+e—%,5— is—s,—%—s | 
x(? Yao (Ee, @, 0) oF 4} — 4a -—n,2—a-—n,2—a—2n+p' iar 


But the ,F; can be summed by (3) if we substitute in (3) a = 1 — a — 2n, 
d= —n, e = — p. Thus the last expression reduces to 


(7 oar 0 | 
n! (? da pi(n — p)! re - = ae ?) Yn-»( 4x, a, b) 


e _Tre- — 2x\" 
= {(m!)* F(2 — a)}~* yan(x, @ — 2n, b) 


by (8). Hence the proof of (9) is complete. 





Proof of (10). To prove (10), substitute for y,(x,a, 6) in the left-hand side 
of (10) from (1), change the order of summation, then sum the innermost 
series by means of (3) and so obtain the right-hand side of (10) by a second 
application of (1) 

Finally it may be noted that each of the explicitly summed series in the 
last proofs can be transformed to another explicitly summed series and the 
result in the two cases is the same. 
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